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Towards a Theory of Analytic Functions

Abstract

Multivalued analytic functions (or relations) are defined as mappings
of the Riemann Sphere to itself that satisfy the Cauchy-Riemann equa-
tions, and are not constrained by artificial boundaries or constraints on
values. They are believed to be determined uniquely by their behaviours
at all their singular and inversion points, which is a generalisation of a
result of the previous study of the algebraic case. The behaviour at
these points is determined by simple equations that only make sense in
the context of multivalued functions and can describe behaviour near
essential singular points as well as simple poles and branch points as-
sociated with algebraic functions. Many examples are discussed. It
is suggested though not yet proved that the set of analytic functions
forms a large algebraic structure that is closed under the operation of
taking limits in addition to the operations that give closure to the set
of algebraic functions.

The approach will be intuitive and non-technical showing how to
handle multi-valued functions in calculations and the topological prop-
erties of the surfaces representing them.
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1 Introduction

the key differences between this approach and the standard approach to an-
alytic function is (1) Basing all the arguments on the closure of the complex
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plane C (the Riemann sphere) instead of the complex plane C. (2) The dif-
ferent definition of singular points based on topology. (3) The treatment of
mappings C→ C as multivalued functions without restricting their domains.

My earlier work on algebraic functions when considered as multivalued
functions z → w where z and w are in the Riemann Sphere C ∪ {∞} = C
seemed to indicate that their topology determines them uniquely apart from
a few parameters. The topology of something is all the properties of it that
are not changed by any continuous stretching without breaking and has been
described as rubber sheet geometry. More precisely, algebraic functions are
determined by the behaviours of these functions at their singular points and
their locations.

The main theme of this paper is to investigate how this extends to analytic
functions C → C that can be multivalued. Many examples are studied then
some general theory is developed. This is based on the topological concept
of a singular point of a function f(), the connection between it and a simple
equation satisfied by f() that may be multivalued, and the idea of the simplest
solution of such an equation. Dealing with multivalued functions and the
equations they satisfy can be quite different from the usual single-valued case
as the examples show.

The notion of a singular point is slightly changed from my earlier work: the
very special function f : z → 1/z that motivated the introduction of the point
∞ described in [Nixon2013] (the Riemann Sphere) so as to make it one-to-one
as well as single-valued, is now not considered to have a singular point because
of this. The point (0,∞) is now called an inversion point of f().

Next follows a result that seems so fundamental that it should be perhaps
mentioned here. It is connected with the completion of the complex plane to
the Riemann Sphere C and although I am probably not able to express or
prove it properly, I present it as a theorem. Consider an analytic function
f : C→ C with a single singular point at z0 and a circuit described in z that
is close to z0 in C. The image of this not a circuit in f(z) that is described just
once in the same direction. Suppose there are no other singular points in f()
then this can be continuously deformed past ∞ without changing the discrete
topology to a small circuit in z at some other point z1 with a corresponding
image in f(z) where again the result is not a circuit described just once in
the same direction. This small circuit in z can be made as small as you like
while not crossing any singular or inversion point with the same result, and
this would imply a singular or inversion point at z1 6= z0 of the corresponding
type. This contradiction proves that

Theorem 1.1. An analytic function defined on the Riemann Sphere C can-
not have only one singular or inversion point.

Another important theme, though not yet fully developed, is that analytic
functions form a very complex algbraic structure that extends the algebra
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of algebraic functions by adding to it a single extra closure operation i.e. the
passage to the limit of a sequence of such functions. If something like induction
could be done it might provide another way to prove propositions.

The [Encyclopedia of Mathematics] says ‘Each analytic function is an “or-
ganically connected whole”, which represents a “unique” function throughout
its natural domain of existence.’ and I think this is the approach that should
be followed. The layout of the paper is as follows:

Notations and terminology
A description of the closure operations with examples
A motivating very simple example of the equation mentioned above
A look again at algebraic functions and characterising power functions
Examples of analytic functions and characterising their singular and inversion
points
General theory singular points and simplest solutions

2 Notations and Terminology

Analytic functions: Roughly this includes is any function, single or multival-
ued, that can be expressed by a formula that does not depend on splitting the
complex variable z into parts e.g. real and imaginary or modulus-argument
etc. or is the solution of any problem defined using calculus involving such
functions. See the closure operations below. They are differentiable and there-
fore infinitely many times differentiable in the extended sense (including ∞)
wherever they are defined. They have no boundaries. The phrase analytic re-
lations could be used because they can be multivalued, but I will stick to using
the term analytic functions because of its common use. The term “analytic” is
used because it is hoped that these functions will be closely related to complex
analytic functions as this term is usually used.

The function exp() plays a very special role. It uniquely satisfies exp(0) =
1 and exp′(z) = exp(z). It satisfies exp(z) = ez whenever z ∈ Z and e is
the base of natural logarithms. exp(x) is equal to the positive real value of
ex for other real x and is ex(cos(y) + i sin(y)) when z = x + iy thus there is
a distinction between ez and exp(z) with only the former being multivalued
for non-integer and finite values of z. However due to the common usage that
these are the same, if there is not likely to be an ambiguity ez will be used
when more properly exp(z) should be used.

Together with its inverse ln(), exp() can be used to define the general
exponent function by

ab = exp(b ln(a)). (1)
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To show that this in general has the correct number of values (q when
b = p/q with p ∈ Z, q ∈ N, q > 0 and gcd(p, q) = 1), let n ∈ N with
0 ≤ n ≤ q − 1. Upon dividing np by q let np = sq + r where r ∈ N and
0 ≤ r ≤ q − 1, and s ∈ Z. Then the mapping k : n → np mod q is a
permutation of the integers Q = {0, 1, . . . q − 1}. The mapping k() is one-to-
one because n1p mod q = n2p mod q ⇔ (n1 − n2)p = tq ⇔ n1 = n2 where
t ∈ Z and 0 ≤ n1, n2 ≤ q − 1. The last step is because the gcd of p and
q is 1 and q - p it follows that q|(n1 − n2) and 1 − q ≤ n1 − n2 ≤ q − 1.
Therefore the fractional part of {np/q} for n ∈ Q is {n/q} for n ∈ Q in a
different order and the sets exp(2πinp/q) and exp(2πin/q) where n ∈ Q are
the same but in a different order. Therefore the set of values of exp(b ln(a))
for one particular value of ln(a) is exp(p

q
(ln(a) + 2πin)) where b = p/q and is

exp(p
q

ln(a)) exp(2πin/q) therefore the expression exp(b ln(a)) has all q values

and no others and can be used to define ab.
A peculiar consequence of dealing with multivalued expressions is an ambi-

guity that can arise when doing calculations that involve them. Consider the
following paradox which is probably one of the simplest examples of its kind:

eiπ = −1⇒ 2πi = 2 ln(−1) = ln((−1)2) = ln(1) = 0! (2)

While forgetting that ln() is multivalued it is too easy to carry out calculations
like this and arrive at absurd conclusions. If for each instance of ln() it is
remembered that any multiple of 2πi can be added to a result of ln() to give
another value of the function, the following results is obtained:

2 ln(−1) = 2(πi+ 2n1πi)
ln((−1)2) = 2n2πi

(3)

where n1, n2 are arbitrary integers. The equality of these looks much better
but is still clearly wrong because the LHS can never be 0 but the RHS can
be with n2 = 0, but all the values of the LHS are included in the RHS so
that if z is one of the values in the LHS it is one of the values in the RHS.
There are two points where the logic is faulty in (2): first replacing 2πi by the
multivalued expression 2 ln(−1) and secondly making the replacement 2 ln(−1)
by ln((−1)2) which as shown is not exactly the same set of values. Actually
the substitution ln(ab) = ln(exp(b ln(a))) → b ln(a) is valid in the sense that
any value of ln(ab) i.e. ln(ab) + 2nπi for any particular value of ln(ab) with
b = p/q ∈ Q and n, p, q ∈ Z, can be written using (1) as b ln(a) + 2πi(n1 + bn2)
with n1, n2 ∈ Z for some particular value of ln(a) i.e. is a member of the
set b ln(a) exp(2πir/q) for r ∈ N satisfying 0 ≤ r ≤ q − 1 but the reverse
substitution is not always valid as the example in (3) shows.

The expression ln(ab) is also problematic if b ∈ Z because it can be thought
of as b instances of a or a−1 multiplied together and then the ln() taken, and the
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question arises if a is itself multivalued do those instances have to be the same
value or can they be different values? Thus there is more than one possible
interpretation of the same expression. A very simple example is what is the
value of (±1) + (±1)? If these two instances have to be the same the result
is ±2 otherwise 0 can be included. The general principle it seems to me is to
take note of when two or more instances of the same multivalued expression
occur in a formula have a common origin meaning they have to have the
same value, otherwise they are independent. Doing so will give the maximally
informative result i.e. having the least number of possible values. In the above
examples this means preferring the form b ln(a) to ln(ab) implicitly requiring
the a’s to be the same. Thus in general, the version of a formula having the
smallest number of possible values is to be preferred after any other conditions
in the problem have been taken into account. This accords with the idea that
derived equations usually give just necessary conditions to solve a problem
which might not be sufficient, then the results have to be checked against the
original problem to see if the solutions are valid. Therefore in example (3), the
LHS is to be preferred over the RHS. I’m not how to systematically avoid these
problems except to question the meaning of an ambiguous expression where
it first appears. They are probably the reason that multivalued functions are
not often discussed.

A blanket assumption will be used throughout which is that functions are
analytic unless otherwise stated i.e. the existence of derivatives of all functions
mentioned which implies that the Cauchy Riemann equations are satisfied for
each point (z, f(z)) except possibly for the singular points. The point ∞
was added to the complex plane to get the Riemann Sphere so that functions
always have a value. This works for algebraic functions where continuity and
differentiability hold for a function f() even if f() and its derivative go to ∞
there for example z → z−p/q for p, q ∈ N at z = 0. However this does have
some unusual consequences for example z → exp(1/z2) at z = 0 which is 0 and
∞ because exp(∞) is 0 and∞ (this follows from ez = exeiy if z = x+ iy where
if x and y approach ∞ with x/y is constant, the result is 0 if x→ −∞ and ∞
if x → ∞). These are examples of essential singular points for non-algebraic
functions where the number of terms in the series about the singular points is
infinite (Laurent series for finite singular points and power series for singular
points at ∞).

A singular point at (z, w) is finite iff z 6=∞
Notations for composition and inversion:

the notation fog() will be used to mean the function f() followed by g()
i.e. z → g(f(z)) and related to this f on() means f() iterated n times so eg
f o0(z) = z, f o1(z)=f(z) and f o2(z) = f(f(z)) etc.. This includes f o−1(z)
which will mean the inverse function to f() applied to z, and f o−n(z) is the
n-fold composition of the inverse of f() applied to z. The corresponding ex-
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pressions without the o are just exponents. Is (f()o−1)on = f(()on)o−1?

3 Closure operations

The set of algebraic functions includes the identity function z → z and constant
functions z → c for any c ∈ C and is closed under the following unary and
binary operations on functions.

1. union

2. composition

3. inversion

4. addition

5. subtraction

6. multiplication

7. division

8. differentiation

except that the inverse of the constant function does not exist. The sub-
straction operation is merely the addition of a negative and so is not strictly
required. The inclusion of division is needed to ensure that the special function
z → 1/z is included.

The arithmetic operations just refer to the operations f(z) = g1(z) ∗ g2(z)
for defining f() in terms of g1() and g2() where g1() and g2() are analytic
functions, then so will f() where ∗ is +, −, × or ÷. Likewise the derivative
f ′(z) is an analytic function if f(z) is.

The absence of integration as a closure operation for algebraic functions
suggests the extension of these ideas to include it as an operation that gives
closure. This requires the familiar functions ln() and exp() to be included and
some functions with singular points that are not poles or branch points known
as essential singular points [Churchill et al.].

However including instead the limit of a sequence of functions can re-
place including derivatives and integrals. Differentiation does not need to
be included as a closure operation because a derivative is the limit f ′(z) =
lim
h→ 0

f(z+h)−f(z)
h

of a difference that is already included. Also an integral is

just the limit of a sum∫ b

a

f(z)dz =
lim

n→∞
1

n

n−1∑
i=0

f [a+ i

(
b− a
n

)
] (4)

which is already included. Note that the limit of a set of continuous functions
can be discontinuous in the real domain, and this extends to evaluating an



Analytic Functions 7

analytic function on a path in C that goes through a singular point that arises
as a result of the limit taken. Therefore the closure operations to define the
set of analytic functions are as follows

1. union
2. composition
3. inversion
4. addition
5. subtraction
6. multiplication
7. division
8. limit

that naturally fall into three categories, the first three involve only sets and
relations, the second set of four are the arithmetic operations, and finally the
limit operation allows all operations of calculus to operate within this algebra.

The main conceptual difficulty with my approach compared with the stan-
dard approach to complex analysis is how to deal with multivaluedness. The
obvious first step is to define composition and inversion as for binary rela-
tions in general. When working with multivalued functions, the equivalent
of the function value is now a set of values and equality between relations is
of course the equality between the two sets of values. This has consequences
when manipulating equations with multi-valued analytic functions.

Perhaps this simplest closure operation is that of union. A union is simply
the union of the two sets of pairs (z, w) defining each of the functions in the
union. The concept of a union was not mentioned much in my previous paper.
The simplest example of a union is when f(z) = (z2)1/2 which is the union of
z and −z which consists of pairs (z, z) and (z,−z) for all z in C.

Related to “union” is the concept of a component. A component will be a
single analytic surface i.e. an analytic function that itself could be multivalued.
The number of components an analytic function has will be an important
property of it. Generally, only solutions of equations which consist of a single
component are likely to be of interest. If a set of single components each
satisfy an equation of the type considered here, then so does their union.
Unless otherwise stated an arbitrary function will refer to a single component.
The operation of extracting all the components from a union will probably be
needed.

An analytic function can be a union of smoothly differentiable conponents
that each consist of a single continuum of points (z, f(z)) ∈ C × C provided
there is an extension of the notion of differentiation from C to C. Finite and
countable unions will surely be needed.

Singular points specified by (z, f(z)) are points in the analytic surface where
a small circuit round z is not mapped into a small circuit round f(z) in the
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Riemann Sphere. They are not to be confused with points where f(z) is ∞
though these may often coincide. Another way to state this is to say a singular
point (z, f(z)) is any point about which for all neighbourhoods N of (z, f(z))
in C×C however small, the graph of f() intersected with N is not topologically
equivalent to an open disk. In such a case one value of z will correspond to
more than one value of f(z) or vice versa in N .

4 A simple example

Probably the simplest example of the type of equation mentioned above is
f(z) = −f(z). For single-valued equations this of course means f(z) = 0, but
because f() can be multivalued it just means that whenever (z, f(z)) is in the
multi-sheeted analytic surface i.e. the graph of f(), then so is (z,−f(z)). The
inverse of this clearly satisfies

f(z) = f(−z) (5)

and this is satisfied by f1(z) = z2 and by f2(z) = z4 and in fact any function
of z2. Suppose the condition is required to be an inequality unless equality is
explicitly required, then in the above case

f(z1) = f(z2)⇔ z1 = ±z2. (6)

This eliminates z4 from being a solution because then f(z1) = f(z2) ⇔ z1 =
±z2 or z1 = ±iz2. Now the question is does (6) (which implies (5)) have the
solution set f(z) = a+ bz2 for arbitrary constants a and b. Is this the same as
requiring f() to have the minimum number of singular points?

5 Another look at algebraic functions

The topology of an algebraic function clearly must involve the behaviour at
points that are not regular points where the behaviour is non-trivial. A simple
way to describe this is to imagine a small circle described around the point
(z0, w0) within the surface. Imagine it so small that no other points with
irregular behaviour are included. If this can be done it will have projections
down to both the z and w planes and if the circuit is complete ending where it
started, the projections will be circuits around z0 and w0 respectively described
p and q times, or for non-algebraic functions, either p or q may be infinite if
the corresponding circuit never joins up again. Such points (z0, w0) with either
p or q not equal to 1 are singular points and if p = q = 1 the point is a regular
or non-singular point. Another kind of thing that can happen is when (z0, w0)
is at the intersection of two or more surfaces, which again implies (z0, w0)
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is a singular point. In general a singular point is where in a small region
surrounding it, the function surface(s) cannot be stretched so that it becomes
flat.

Using the methods I developed earlier [Nixon2013] to locate singular points
for algebraic functions, suppose w = zp/q where p, q ∈ N then wq = zp and
P = wq − zp = 0 and ∂P/∂z = −pzp−1 = 0 ⇒ zp−1 = 0 which is false if
p = 1. If p > 1 then z = 0 and w = 0. Also ∂P/∂w = qwq−1 = 0⇒ wq−1 = 0
which is false if q = 1. If q > 1 then w = 0 and z = 0. Therefore all finite
singular points are at (0, 0) provided p > 1 or q > 1 with the transformation
w∗ = 1/w, z∗ = 1/z giving the other one at z∗ = 0, w∗ = 0 i.e. (∞,∞).
Now suppose p > 0 and q < 0 then the same argument gives that all singular
points are at (0,∞) or (∞, 0). In many examples of algebraic functions I have
studied, it is easy to miss a singularity with either z or w being ∞ in addition
to the finite singular points. It is later proved that no analytic function can
have just one singular point.

Consider f(z) = z1/q where q is an integer. Rather than describing this
behaviour simply by saying that it is expressed by a “winding number”, near
the branch point at z = 0, the idea is to relate f(z) to f evaluated at the “next”
branch of the function obtained by tracking f(z) continuously once round a
small circle surrounding z = 0 described in the anticlockwise direction until the
same point z is reached. This circuit in z will have to be described q times to get
back to the same value of f(z). This is because if f(z) = z1/q = r1/qeiθ/q then
f(z)q = z = reiθ with 0 ≤ θ ≤ 2πq. Let g1(z) = e2πi/qz where q is a positive
integer. Then g1(f(z)) = e2πi/qr1/qeiθ/q = r1/q(e2πieiθ)1/q = r1/qeiθ/q = f(z).

In fact this equation, being an equation for a multivalued function, rep-
resents the equality of the two sets of values each being q in number, and
the equation generates a permutation of those q values. Equality of the sets
of values will be implied whenever an equality occurs between two multival-
ued expressions. This is a simple example of equations which now have to be
treated differently because the expressions are multivalued. This relationship
is a better way of describing this situation because it just involves the single-
valued function g1() and no mention of topological concepts that are not so
easy to make precise. However f(z) = z1/q is clearly not the only solution of

f(z) = e2πi/qf(z) (7)

(for example f(z) = az1/q or f(z) = zp/q). Consider what can be said about the
single component solutions of (7) in general. Raising (7) to the power q gives
the tautology f q = f q so there is nothing that can be said about f q except that
it is also a single component, so every single component solution of (7) is the qth
root of some analytic function regardless of its other singularities i.e. f(z) =
h(z)1/q for an arbitrary function h is the general solution of (7). Any such
function has a q-fold branch point at all points where f = h = 0, and satisfies
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(7) because (e2πi/q)q = 1. Relaxing the condition of a single component, any
union of the form {f(z).e2πij/q for 0 ≤ j < q} obviously satisfies (7) and has q
components. It is this example that motivated the introduction of the concepts
of a union and the components of an analytic function. As a simple example, is
f(z) = z+1 a solution of (7)? No because it is not the q-th root of an analytic
function. It is not the qth root of (z+ 1)q which is the union {e2πij/q(z+ 1) for
0 ≤ j ≤ q − 1}. The result of this can be written more succinctly as follows.

Lemma 5.1. Suppose a multivalued function g() satisfies

f(z) = e2πi/qf(z) (8)

for some q ∈ N then this is equivalent to

f(z) = h(z)1/q (9)

for some function h().

Note: if the last step in computing h() is to apply z → zq, all q values in
(9) must still be used giving a union of q components.

Proof. From (8) interpreted as an equation for a set of values it can be iterated
q times to come to the original starting value i.e. (8) determines the set
e2πin/qf(z) for all n such that 0 ≤ n ≤ q − 1, so g(z)q is a single value h(z)
say, for each original starting value f(z), and h(z) can be anything i.e. any
solution of (8) is of the form

f(z) = h(z)1/q (10)

for some function h() and any function of this form satisfies (8).

In this context a concept arises, made precise later, which could be called
the simplest solution of an equation. This term will always be italicised to
indicate this meaning. As will be shown later, the singular point(s) associated
with an equation like (8) is/are given by where this equation is treated as an
equation for a single valued quantity i.e. where f(z) = 0 or ∞. Now suppose
that f() satisfies no conditions other than (8) hence there are no other equa-
tions determining behaviour at the singular point(s) at f(z) = 0,∞. Therefore
there can be no conditions affecting behaviour of h() near the point(s) where
f(z) = h(z) = 0,∞ i.e. no need for singular point(s) there, and no other
singular points for h() because they would imply other singular points for f().
Therefore the simplest solution could be defined such that h() has no singular
points so h(z) = a + bz and f(z) = (a + bz)1/q. This can be summarised by
saying that the simplest solution of (8) is f(z) = (a+ bz)1/q.

The changed definitions of singular points and the new definition of an
inversion point require some well-known theorems to be rephrased.
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This is because “analytic” in the textbooks should be replaced by “single-
valued analytic and finite” in the terminology of this paper. This would make
the statements of theorems like the Cauchy integral formula slightly more
cumbersome. Also “entire” means “single-valued, analytic, and without any
singular points except possibly at z = ∞”. If a function is bounded i.e.
|f(z)| < k for some k > 0 for all z ∈ C then by continuity, it cannot be ∞
at any point in C including at ∞ itself. Therefore Liouville’s theorem can be
expressed as

Theorem 5.2. If f() is single-valued analytic, finite at every point z ∈ C
and without a singular point at any point z ∈ C then f() is constant ∈ C.

Now suppose that f() is single-valued, analytic and none of its values are
equal to w ∈ C at any point z ∈ C and f() has no singular points with z ∈ C.
Then 1

f(z)−w is everywhere finite because f(z) cannot approach w arbitrarily

closely (for otherwise at the limit point it would equal w and C is compact so
includes all its limit points) and analytic and has no singular points for z ∈ C
by Theorem 5.2, 1

f(z)−w = c ∈ C, therefore f(z) is constant ∈ C. This proves
that

Theorem 5.3. Every single-valued analytic function f() without any sin-
gular points where z ∈ C reaches every value f(z) ∈ C for some z ∈ C unless
f() is a constant ∈ C.

Suppose a single component analytic function maps p values each to the
same q values ∈ C. Does every single component analytic function have to be
like this, with p or q allowed to be ∞? In the two set of values, each member
of a set is equivalent to any other member.

An analytic function f() has a single component if and only if for every
pair of points P1 and P2 in C × C in the graph of f() there is a continuous
and analytic curve starting at P1 and ending at P2 at each point being in the
graph of f() and not including any singular point of f() i.e. every such point
is connected not via singular points to every other such point within the graph
of f().

For a multivalued single component analytic function f() it is possible to
have a circuit in which the z value is returned to but w comes back to a different
value. That gives rise to an equation of type (50). As the circuit is reduced
in size, at some points the final value reached will suddenly change and will
eventually will suddenly equal the original value. It suddenly changes where
the curve crosses a singular point of which there can be many. Having found all
the singular points and their associated equations relating the function values,
it should be possible to, by following any combination of the paths in any order
allowing repetition, each of which is associated with a single singular point, to
get from say (z1, w1) to any other point (z1, w) in the graph of f(). This would
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indicate that all the equations of type (50) have been found. It is possible (see
for example (39)) that there is a pair (or perhaps more) of singular points that
are associated with the same transformation (50) or its inverse.

Similarly there can be circuits that return the w to the same value but z
returns to a different value. This gives rise to an equation of type (49) and
is equivalent to doing the same thing for f o−1(). There could be a finite or a
countably or uncountably infinite number of singular points. See for example
(35) with solution (37) that has uncountably many singular points on the unit
circle. For the case when the number of singular points is finite or countably
infinite, this leads to the graph of f() being described as a set of collections
of points say z1, z2 . . . zp, w1, w2 . . . wq such that every one of the z’s is mapped
to all of the w’s in every collection. Away from singular points, all the z’s are
distinct and so are all the w’s. Therefore the positive integers p, q are constants
for the function f(), but either could be ∞. It may be useful to define the
signature of an analytic function to be say {(p1, q1), (p2, q2), . . .} where each of
the pairs corresponds to one component of the function.

Theorem 5.4. every analytic function reaches every value f(z) ∈ C for
some z ∈ C unless f() is a constant ∈ C.

Proof. This follows from the corresponding property of algebraic functions
(P (z, w) = 0 always has a solution for z given w for any bivariate polyno-
mial P ) and the fact that analytic functions are continuous and are limits of
sequences of algebraic functions which are all continuous.

An interesting case occurs if the point that is the solution of such an equa-
tion approaches, under the limit, a singular point of the limit function. For
example if the limit function is f(z) = exp(1/z) and the solutions approach
z = 0 as would happen if w = 0. This works because f(0) is 0 and∞ i.e. both
these values are attained by f().

Lemma 5.5. An analytic function with no singular points and no inversion
points is a linear function.

Proof. The absence of a singular point at z = ∞ for a function f() implies a
neighbourhood of∞ (a large circle in the complex plane but a small circle in the
Riemann Sphere) in z maps in a one-to-one manner locally to a neighbourhood
in w say centred on w0 = f(∞). If w0 6=∞ then 1/z ≈ a(w−w0) for very large
|z| therefore dw/dz = −1/az2 → 0 as z → ∞. Similarly if w0 = ∞ a small
neighbourhood in 1/z about 0 maps to a small neighbourhood round 1/w at 0
so 1/z ≈ b/w therefore dw/dz = b at (∞,∞) and if there are no singular points
and no inversion points anywhere in w(z) then dw/dz is also everywhere finite
and analytic there, so by Liouville’s theorem (see for example [Churchill et al.])
dw/dz is constant so w = a+ bz where a and b are constants.
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5.0.1 Characterising power functions

Lemma 5.6. If p ∈ N where p > 1 then

f(z) = f(e2πi/pz) (11)

for all z ∈ C for some analytic function f() if and only if

f(z) = h(zp) (12)

for all z ∈ C where h() is some other analytic function.

Note: if the first step in computing h(z) is to apply z → z1/p, all p values
must be included, giving a result which is a union of p components.

Proof. Equation (11) implies all p values e2πij/pz for 0 ≤ j ≤ p − 1 have
the same value of g and zp is the same for all these. Also the distinct sets
{z, e2πi/pz, e4πi/pz, . . . e(p−1)πi/pz} for all z ∈ C have the union which is C and
are disjoint. Thus any solution of (11) on the Riemann Sphere C is of the
form (12) and any function of this form satisfies (11) because f(e2πi/pz) =
h((e2πi/pz)p) = h((e2πi/p)pzp) = h(zp) = f(z).

Again an argument motivating the concept of the simplest solution follows.
An extra condition on f() is obviously connected with an extra condition on
h() and vice versa because of the relationship (12). Therefore there is no extra
condition on f() is equivalent to saying that there is no extra condition on
h(). There are no conditions on h() at the moment, therefore this argument
gives rise to the notion of the simplest solution of an equation such as (11)
in which, because its general solution involves an arbitrary function h() with
no conditions placed on it giving rise to singular points, h() will be assumed
to have no singular points and therefore be a linear function. The points z
at which (11) requires a singular point are when the two function arguments
coincide i.e. z = e2πi/pz giving z = 0 and ∞. An extra condition on f()
modifying the behaviour surrounding the singular points at z = 0,∞ will
require an extra condition on h() also requiring a singular points at z = 0,∞.
A singular point in h() at any finite point z0 6= 0 implies f() has singular

points at all finite points z
1/p
0 6= 0. Therefore the simplest solution of (11) is

f(z) = a+ bzp.
A related example is f(z) = (z−z0)p where p is a positive integer. Here the

only finite singular point is at (z0, 0). Introducing the variable s by s = z− z0,
and f ∗() by f ∗(s) = f(z) = sp then f ∗() satisfies (11). Therefore expressing
this in terms of f using the chain of equalities

f(z) = f ∗(s) = f ∗(e2πi/ps) = f ∗(e2πi/p(z − z0)) = f(e2πi/p(z − z0) + z0) (13)
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i.e. f() satisfies

f(z) = f(g2(z)) where g2(z) = e2πi/p(z − z0) + z0. (14)

This relationship just involves the single-valued function g2().
Suppose a multivalued function satisfies

f(z) = e2πi/qf(e2πi/pz) (15)

where p, q ∈ N then this is equivalent to f ∗(z) = f ∗(e2πi/pz) where now f ∗(z) =
(f(z))q or equivalently (by Lemma 5.6) f ∗(z) = h(zp) i.e.

f(z) = (h(zp))1/q (16)

for some function h() and the simplest solution of (15) is

f(z) = (azp + b)1/q. (17)

This function has finite singular points at ((−b/a)1/p, 0) so if in addition f(z)
has no finite singular point other than at (0, 0) then b = 0 and f(z) = (azp)1/q.

If there are other singularities, equations like (11) and (12) will not neces-
sarily be exact but only asymptotically correct as the corresponding singular
point is approached. For example in (17) if z = (−b/a)1/p+ ε then f(z) can be
expanded as a power series in ε in which terms higher than the first contribute
so that the asymptotic behaviour near ((−b/a)1/p, 0) is affected by the singular
point at (0, 0).

The ideas in Equations (14) and (8) can be combined by considering the
solutions of

f(z) = e2πi/qf(e2πi/p(z − z0) + z0). (18)

Introducing the new variable s = z−z0 and the new function f ∗(s) = f(s+z0)
then (18) becomes

f ∗(s) = e2πi/qf ∗(e2πi/ps) (19)

whose general solution is f ∗(s) = (h(sp))1/q i.e. therefore the general solution
of (18) is f(z) = [h((z − z0)p)]1/q.

As would be expected (and is justified later) the singular point(s) of f()
are given by

1. where the argument of the q-th root i.e. h((z − z0)p) = 0 or ∞

2. where (z − z0)p is a singular point of h()

3. where z − z0 is a singular point of the p-th power function which is at 0
and at ∞ so z = z0,∞.

For the case where h() is the identity function, the second singular point no
longer exists and the first and third of these singular points coincide at z =
z0,∞ and f(z) = (z−z0)p/q and the winding number ratio is q : p in the earlier
description.
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6 General theory singular points

All the types of singular point so far found are of the types q : p representing the
winding number ratio where p and q are positive integers have have no common
factors. These are all the types of singular points for algebraic functions. In
the cases where p and q are finite, a singular point (z0, w0) is a point about
which if a path is traced from the starting point back to itself q times in the
z plane this corresponds to a path in the w plane described p times back to
itself.

The most general form of equations such as (5), (7), (11), (15) and (18)
that describe the behaviour in the neighbourhood of a singular point seems to
be

f(z) = g1(z, f(g2(z))) (20)

in which g1 has direct z dependence in addition to its dependence on f(). The
meaning of (20) where g2() is the identity function is that there is an associated
singular point (z0, w0) which is the point about which if a path in the z plane is
followed to its starting point and if the function value is followed continuously,
the values of the function at each end of the path are related by (20). This
is the case where q = 1. As will be shown, the singular point is also a point
where the number of function values changes and w0 is given by the different
values of the function w0 = f(z0) being equal. This can be used to determine
(z0, w0).

There is another version of this to describe the situation where p = 1. In
this case g1() is the identity function and the roles of z and w = f(z) are
reversed. There is then a point (z0, w0) about which if a continuous path is
traced in the w plane back to itself then the corresponding values of z are
related by (20). The equality of these values determines the value z0.

In addition to these cases, for non-algebraic functions it is possible to have
q = ∞. In this case the value of w is never returned to its original value.
Probably the simplest example is w = f(z) = ln(z) the inverse of the complex
exponential function. This is equivalent to z = exp(w) = exp(w). exp(2πi) =
exp(w + 2πi). Therefore w + 2πi = ln(z) and equation (20) is satisfied for
f() = ln() and g2(z) = z+ 2πi and g1(z, f) = f . Therefore the singular points
are given by z = z + 2πi from lemma 6.9 which implies z =∞. This resolves
the paradoxical situation with Theorem 1.1 and Lemma 5.5 and the fact that
the exponential function has no finite singular points (they are at z =∞ with
w = 0 and ∞). As in the examples above g1() and g2() are single-valued and
the singular point of f() is at z = 0.
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6.1 Definition and properties of singular points

In all these definitions, a neighbourhood of a point (z, w) ∈ C× C is an open
set containing (z, w) in the cartesian product topology.

These results depend on general properties of mappings single-valued versus
multi-valued, and one-to-one versus many-to-one. These properties can be
defined such that they are local to a particular point as follows.

Definition 6.1. The function f() is locally one-to-one at P = (z, f(z)) if
and only if there is a neighbourhood N of P such that for every pair (z1, f(z1))
and (z2, f(z2)) in N , z1 6= z2 ⇒ f(z1) 6= f(z2).

and likewise

Definition 6.2. The function f() is locally single-valued at P = (z, f(z)) if
and only if there is a neighbourhood N of P such that for every pair (z1, f(z1))
and (z2, f(z2)) in N , f(z1) 6= f(z2)⇒ z1 6= z2.

Definition 6.3. f() has a singular point P at (z, f(z)) if and only if for all
neighbourhoods N of P there exists (z1, f(z1)) ∈ N and (z2, f(z2)) ∈ N such
that either [z1 6= z2 and f(z1) = f(z2)] or [z1 = z2 and f(z1) 6= f(z2)].

An equivalent statement of this is to require this condition only for all
neighbourhoods of a specified neighbourhood of P however small it is. This
makes it clearer that the condition is a local property of the behaviour at P .

Definition 6.4. This is the same as saying the condition that needs to be
satisfied for the absence of a singular point of the function f() at the point P ,
(z, f(z)) is that there exists a neighbourhood N of P such that

∀(z1, f(z1)), (z2, f(z2)) ∈ N [z1 = z2 ⇔ f(z1) = f(z2)] (21)

i.e. f() is one-to-one and single-valued within N .

Now it is easy to show that

Lemma 6.5. A function f() has a singular point at P = (z, f(z)) if and
only if f() is either not locally one-to-one there or f() is not locally single-
valued there.

Proof. It is only necessary to choose the neighbourhood that is the intersection
of the two neighbourhoods in definitions 6.1 and 6.2 and take the negation of
the result.

Next follows a pair of trivial yet confusing lemmas that show
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Lemma 6.6. If f() is an analytic function that is a solution of (50) then
f() has singular points at every point (z, w) that is a solution of w = g1(z, w)
where w = f(z).

This is quite confusing because the word “solution” is being used in different
contexts and the same equation (50) is being used in two different ways, one to
determine f() and the other once f() is fixed, to determine the set of singular
points of f().

Proof. Let P be such a point then for every neighbourhood of P there will
be points where w is arbitrarily close but not equal to g1(z, w). Thus by the
second option of definition 6.3, P is a singular point of f().

And likewise

Lemma 6.7. if f() is an analytic function that is a solution of (49) then
f() has singular points at every point that satisfies z = g2(z).

Proof. likewise using the first option in 6.3

Definition 6.8. f() has an inversion point at (z, f(z)) if and only if f(z) =
∞.

It is possible for a singular point to also be an inversion point e.g. f(z) =
z−2 at z = 0. An example of an inversion point that is not a singular point
is f(z) = z−1 at z = 0 because this function is everywhere single-valued and
one-to-one.

The definition used in my earlier paper on algebraic functions [Nixon2013]
includes inversion points with the singular points, and inversion points were
not considered as a separate category. The reason for separating them out
is for consistency in definition 6.3 that now works even if f(z) = ∞ where a
neighbourhood of ∞ is as would be expected on the Riemann Sphere i.e. a
region of the complex plane outside of a finite connected region defined by a
single boundary.

A topological argument involving moving f(z0) to∞ where z0 is a singular
or inversion point suggests that the direction of traversal of f(z) round a circuit
surrounding (z, f(z)) (P ) is the same as that of the corresponding circuit z for
any point P in the graph of f() except when f(z0) =∞ when it is reversed as
the result of this circuit crossing ∞.

Lemma 6.9. In definition 6.3 the location of the singular point(s) is deter-
mined by z1 = z2 and f(z1) = f(z2).

Proof. If a singular point P for f() is due to f() not being one-to-one, in all
neighbourhoods of P , there exists (z1, f(z1)) and (z2, f(z2)) such that z1 6= z2

and f(z1) = f(z2). Clearly if z1 and z2, which are related, are forced to satisfy
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z1 = z2 then this has special significance. In fact this determines the location
of the singular point or points. This is because if a region surrounding where
z1 and z2 are forced to be equal is excluded, then surrounding such a point
P a sufficiently small neighbourhood N exists such that because of z1 6= z2

not both of z1 and z2 can be in N and the condition for a singular point fails.
Therefore the singular points can only be at points P given by z1 = z2 where
this is the only solution of f(z1) = f(z2) which also holds at P . The existence
of points where this is not true arbitrarily close to P will guarantee that P
is a singular point. Likewise this will work if the singular point is due to f()
not being single-valued i.e. if f()o−1 is not one-to-one by swapping the roles
of z and f(z). Thus singular points are where the number of function values
changes.

The following results relate singular behaviour to the operations of inver-
sion, composition, addition and multiplication, and union.

Lemma 6.10. (z, f(z)) is a singular point of f() if and only if (f(z), z) is
a singular point of f o−1().

Lemma 6.11. Composition with a function h() that is analytic and has no
singular point at a particular location implies that the singular/non-singular
status of f() is the same as that of h(f()) and f(h()) each at the corresponding
point.

Proof. Suppose h() is analytic and has no singular point at (z1, h(z1)) then
there is a neighbourhood N1 of (z1, h(z1)) such that for every pair (z2, h(z2))
and (z3, h(z3)) ∈ N1, z2 = z3 ⇔ h(z2) = h(z3). Then f() has no sin-
gular point at (h(z1), f(h(z1))) if and only if there is a neighbourhood N
of (h(z1), f(h(z1))) such that for every pair (z4, f(z4)) and (z5, f(z5)) in N ,
z4 = z5 ⇔ f(z4) = f(z5). Let N2 be the image of N (with a typical point
being (x1, x2)) under the mapping k() defined by x1 → ho−1(x1), x2 → x2.
This mapping is one-to-one and single-valued because h() is. Now let N3 be
the subset of N2 such that the first component of each point is also in N1.
This will be non-empty because N1 and N2 are both neighbourhoods centred
on a point with first component z1. Then for any pair of points (z6, f(h(z6))
and (z7, f(h(z7))) in N3, z6 = z7 ⇔ h(z6) = h(z7)⇔ f(h(z6)) = f(h(z7)). The
first equivalence is true because of the property of h() and the second is true
because of the property of f(). The existence of such a neighbourhood N3

is precisely the statement that f(h()) has no singular point at (z1, f(h(z1))).
The other half of the theorem will be proved similarly or by considering the
inverses of these functions.

For a very similar reason
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Lemma 6.12. Adding or multiplying a function by another analytic func-
tion without a singular point will not alter the singular/non-singular status of
the function at the corresponding point.

Lemma 6.13. The only singular points of a union that are not included in
one of the separate components is where at least two components intersect.

These are known as intersection singular points. [needed?

Lemma 6.14. If f() is single-valued with a singular point at (z1, f(z1))
then h(f()) has a singular point at (z1, h(f(z1))).

Proof. Because f() is single-valued, the second option in definition 6.3 is not
possible i.e. for all neighbourhoods N of (z1, f(z1)) there exists (z2, f(z2)) and
(z3, f(z3)) ∈ N such that z2 6= z3 and f(z2) = f(z3). If h() is any analytic
function then h(f(z2)) = h(f(z3)) where h(f()) is analytic, and if h() is mul-
tivalued these sets are the same. Therefore for all neighbourhoods N ′, defined
as an image of N under h(), centred on (z1, h(f(z1))) there exists (z2, h(f(z3)))
and (z3, h(f(z3))) ∈ N ′ where z2 6= z3 and h(f(z2)) = h(f(z3)) implying h(f())
has a singular point at (z1, h(f(z1))).

]

Lemma 6.15. If f() has a singular point at (z1, f(z1)) then h(f()) has a
singular point at (z1, h(f(z1))).

Proof. f() has a singular point at (z1, f(z1)) if and only if for all neighbour-
hoods N of (z1, f(z1)) there exists (z2, f(z2)) and (z3, f(z3)) ∈ N such that
z2 6= z3 and f(z2) = f(z3) or z2 = z3 and f(z2) 6= f(z3). If h() is any function,
in the first case these conditions can be written as [z2 6= z3 and h(f(z2)) =
h(f(z3))] where if h() is multivalued these sets are the same. In the second
case [z2 = z3 and h(f(z2)) 6= h(f(z3))] if h() is one-to-one and if not,

, . Therefore for all neighbourhoods N ′, defined as an image of N under
h(), centred on (z1, h(f(z1))) there exists (z2, h(f(z3))) and (z3, h(f(z3))) ∈ N ′
where z2 6= z3 and h(f(z2)) = h(f(z3)) implying h(f()) has a singular point at
(z1, h(f(z1))).

The importance of this result is that it is not possible to remove a singular
point in a single-valued analytic function e.g. z → z2 by applying another
function to the result. For example applying z → z1/2 gives the union z → ±z
that has an intersection singular point where these components coincide at
(0, 0).
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7 Examples of non-algebraic analytic functions

and their singular and inversion points.

Analysis of behaviour in the neighbourhood of singular points similar to the
above can be found for functions of a complex variable that are not algebraic
as the following examples show.

Returning to f(z) = ln(z), it satisfies f(z) = f(z) + 2πi. Conversly f(z) =
f(z) + 2πi implies, taking the exp of both sides, the identity exp(f(z)) =
exp(f(z)+2πi) = h(z) say, for some analytic function h(z) which is completely
arbitrary because this imposes no condition on h(), therefore in general f(z) =
ln(h(z)). The singular point(s) of f() are only where h(z) = 0 or ∞ and at
points z that are singular points of h(). At minimum there are singular points
of f() only where h(z) = 0 or ∞ when h(z) = a+bz so that h() has no singular
points. This implies z0 = −a/b or ∞ and the only fixed singular point is at
z0 =∞ with the other one having an arbitrary location, and the singular point
by 6.9 has w0 given by the solution of the single-value equation w0 = w0 + 2πi
which is w0 = ∞. Therefore the singular points of ln() are at (0,∞) and
(∞,∞) and those of its inverse exp() are at (∞, 0) and (∞,∞).

Consider w = (ln(z))2. Can a similar analysis for this be done? We have
w = (ln(z) + 2πi)2 then (20) is satisfied with g1(z, f) = (f 1/2 + 2πi)2 and
g2(s) = s. Note that g1() is now not single-valued. Another analysis of this
sort comes from (ln(z))2 = (− ln(z))2 = (ln(z−1))2 i.e. Equation (20) with
g1(z, f) = f and g2(z) = z−1, which shows that if in equation (20) either of
g1() or g2() is not single-valued, this analysis may not be unique.

Consider f(z) = z ln(z), then

f(z) = f(z) + 2πiz. (22)

This can be represented in terms similar to (20) with single valued g1() and g2()
but this time g1 has direct z dependence in addition to its dependence on f()
and g1(z, f) = 2πiz+ f and g2(z) = z. Conversly from (22), dividing by z and
taking the exponential gives the tautology exp(f(z)/z) = exp(f(z)/z), there-
fore this function can be any analytic function say h(z). Therefore f(z)/z =
ln(h(z)) and f(z) = z ln(h(z)). The singular points of f() are at any point
where h(z) = 0 or ∞ or at any point that is a singular point of h(). This gives
at minimum, where h(z) = a+ bz with b 6= 0, singular points at z = −a/b and
z =∞.

It seems paradoxical to say that z ln(h(z)) is the general solution of (22)
because (22) just states that whatever the multivalued function f(z) is, if it has
any value w at some point z, then at that point it also has the values w+2πinz
for all n ∈ Z. In fact z ln(h(z)) can be any analytic function f() provided

h(z) = exp(f(z)
z

) and (22) holds in the multivalued sense. Neverthless the use
of the term “general solution” in this and other cases does seem convenient.
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Suppose f(z) = (ln(z))k. Introduce the auxiliary function g2(z) = zp

then f(g2(z)) = (ln(zp))k = pkf(z) so (20) holds with g1(z, f) = fp−k, and
Lemma 5.6 characterises g2(). Alternatively, if only f(g2(z)) = pkf(z) and
g2(z) = g2(e2πi/pz) then this is a set of defining equations for f() involving two
instances of (20) and linear functions only, one to characterise g2() and the
other to define f().

8 The relationship between g2() and the type

of singular points of f () satisfying (49)

Consider the role played by g2() and its derivatives at an intersection point z1

which is a solution of g2(z) = z. This as will be seen controls to leading order
the behaviour of f(z) in the neigbourhood of the singular point at z1 provided
f(z) satisfies (49) where g2() is as in (49). First consider an arbitrary value
of g′2(z1). For z ≈ z1, g2(z) ≈ g2(z1) + (z − z1)g′2(z1) = z1 + (z − z1)g′2(z1)
therefore f(z) ≈ f(z1 + (z − z1)g′2(z)). Put z = z1 + δ and treating this
as an equality then f(z1 + δ) = f(z1 + δg′2(z1)). A change of variable can
now be made so as to relate this equation to f(z) = f(z) + 2πi with its known
solution. Let w = ln(δ) = ln(z−z1) and the new function f ∗() by f ∗(w) = f(z)
then f ∗(w) = f ∗(w + ln g′2(z1)). Now let w = αt and f+(t) = f ∗(w) = f(z)

then f+(t) = f+
(
t+

ln g′2(z1)

α

)
. Then choose α so that ln(g′2(z1)/α = 2πi i.e.

α =
ln(g′2(z1)

2πi
then f+(t) = h(exp(t)) i.e.

f(z) = f ∗(w) = h(exp(w/α)) = h

(
(z − z1)

2πi
ln(g′2(z1))

)
. (23)

This is the asymptotic behaviour of f() for z close to z1 where h() is an
arbitrary analytic function. This works provided g′2(z1) 6= 0 which is clearly a
special case.

Now suppose g′2(z1) = 0 but g′′2(z1) 6= 0. Then g2(z) ≈ g2(z1)+ (z−z1)2

2
g′′2(z1)

then f() satisfies f(z) = f
(
z1 + (z−z1)2

2
g′′2(z1)

)
. Now put k(δ) = f(z1 + δ)

where as before δ = z − z1 then k(δ) = k(δ2g′′2(z1)/2). Introduce k∗() by
k(δ) = k∗(ln(δ)) then k∗(ln(δ)) = k∗(2 ln δ+ln(g′′2(z1))−ln(2)). Introduce w by
w = ln δ then k∗(w) ≈ k∗(2w) because as δ → 0, |w| → ∞ so the other terms
can be asymptotically ignored. Now introduce k+() by k+(ln(x)) = k∗(x) then
k+(lnw) = k+(lnw+ln 2) so k+(u) = k+(u+ln 2) where u = lnw. Now let t()
be defined by t(uβ) = k+(u) then t(uβ) = t(uβ + β ln(2)). Choosing β to be
β = 2πi

ln(2)
then t(x) = t(x+2πi) from which t(x) = h(exp(x)). Undoing all these

transformations now shows that t(x) = t(uβ) = k+(u) = k+(ln(w)) = k∗(w) =
k(δ) = f(z1 + δ) = f(z) and h(exp(x)) = h(exp(βu)) = h(exp(β ln(w))) =
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h(wβ) = h([ln(z − z1)]β) so finally

f(z) = h
(

[ln(z − z1)]
2πi
ln 2

)
(24)

where this result will only be asyptotically correct as z → z1. Note that g′′2(z1)
is not involved.

From (23) g′2(z1) = 1 is obviously also a special case needing separate

treatment. Then g2(z) ≈ z + (z−z1)2

2
g′′2(z1) and the equation to be solved is

f(z) = f
(
z + (z−z1)2

2
g′′2(z1)

)
. Putting z = z1 + δ and introducing f ∗(δ) =

f(z1 + δ) gives

f ∗(δ) = f ∗
(
δ +

δ2

2
g′′2(z1)

)
. (25)

Introduce the new variable k by k
(
δ + δ2

2
g′′2(z1)

)
− k(δ) = ∆ so that the

iteration of (25) is transformed to an arithmetic progression, then for small δ,
δ2

2
g′′2(z1)k′(δ) = ∆ which can be integrated and inverted to give δ = − 2∆

kg′′2 (z1)
.

Then f ∗
(
−2∆
kg′′2 (z1)

)
= f ∗

(
−2∆
kg′′2 (z1)

+ 2∆2

k2g′′2 (z1)

)
. Introducing f+(k) = f ∗(δ) this can

be written in terms of f+() as f+(k) = f+

(
−2∆
g′′2 (z1)(

−2∆
kg′′2 (z1)

+ 2∆2

k2g′′2 (z1)

)
)

which simplifies

to f+(k) = f+
(

k2

k−∆

)
≈ f+(k + ∆). Let g() be given by g(l) = f+(k) where

k = l/α then g(l) = g(l + α∆) and choosing α∆ = 2πi then g(l) = h(exp(l))
where h() is arbitrary and this implies

f(z) = h

(
exp

(
− 4πi

g′′2(z1)(z − z1)

))
(26)

asymptotically as z → z1.
This result can be generalised as follows. Suppose g′2(z1) = 1 and g

(n)
2 (z1) =

0 for 2 ≤ n ≤ m − 1 and g
(m)
2 (z1) 6= 0 for m ≥ 2. Then g2(z) = z +

(z−z1)m

m!
g

(m)
2 (z1)+O(z−z1)m+1. In terms of f ∗() and δ as above, f(z) = f(g2(z))

becomes f ∗(δ) = f ∗
(
δ +

δmg
(m)
2 (z1)

m!
+O(δm+1)

)
. This can be iterated and if

k is chosen such that k

(
δ +

δmg
(m)
2 (z1)

m!

)
= k(δ) + ∆ which can be approxi-

mated by k′(δ)
δmg

(m)
2 (z1)

m!
= ∆ which integrates to k(δ) = −∆m!

(m−1)δm−1g
(m)
2 (z1)

, then

the iteration is an arithmetic progression and f ∗(δ) = f+(k) = f+(k + ∆).
Therefore similarly to the above,

f(z) = h

(
exp

(
−2πim!

(m− 1)g
(m)
2 (z1)(z − z1)m−1

))
(27)

asymptotically as z → z1.
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9 Some interesting examples

Another example is
f(z) = (f(z))1/2 (28)

with a singular point where f(z) = 0, which is a special case of (47) in which
g1() is not single valued. Taking natural logarithms twice gives

ln ln(f(z)) = ln(1/2) + ln ln(f(z)) (29)

and so
2πi

ln(2)
ln ln(f(z)) = −2πi+

2πi

ln(2)
ln ln(f(z)) (30)

so

exp

(
2πi

ln(2)
ln ln(f(z))

)
(31)

is arbitrary so call it h(z) then

f(z) = exp

(
exp

(
ln(2)

2πi
ln(h(z))

))
. (32)

The function f() can only have a singular or inversion point where h() has
singular or inversion point(s) or where h(z) = 0 or ∞ so f(z) = 0 or ∞. This
log-like singularity from (28) is characterised by the equations

g1(z) = −g1(z)
f(z) = g1(f(z))

(33)

for the multivalued functions f() and g1(), where g1() is the simplest solution.
If f() is also the simplest solution then

f(z) = exp

(
exp

(
ln(2)

2πi
ln(a+ bz)

))
(34)

where a and b are constants.
Next consider

f(z) = f(z2)/2. (35)

This is a special case of (47) in which the condition for a singular point is more
complicated than for (49) for which the condition for a singular point would
give

z = g2(z) = z2 (36)

determining more than one such point i.e. z = 0, 1. The effect of the extra
factor of 2 complicates this a bit but this is still clearly true. Because g2()
is not one-to-one, (36) relates new singular points to other points already
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known to be singular points. In this example the singular points are dense
on the unit circle because these are points for which z(2k) = 1 for arbitrarily
large k. It follows that f(z) = f(z2)/2 = f(z4)/4 = . . . f(z(2k))/2k so if
z = reiθ, f(reiθ) = f((reiθ)2k)/2k for all k > 0. For fixed r and θ suppose
θ + 2πp ≈ 2kθ where p, k ∈ N then f(r(2k)eiθ) ≈ 2kf(reiθ). Putting R = r(2k)

gives f(Reiθ) ≈ ln(R)
ln(r)

f(reiθ). The log dependence on R behaviour at large R

and the positions (z) of the singular points may suggest the following formula

f(z) =

∫ 2π

0

dθ log2 |z − eiθ|. (37)

for a solution of (35). Its proof is as follows

f(z2) =
∫ 2π

0
dθ log2 |z2 − eiθ| =

∫ 2π

0
dθ log2

(
|z + eiθ/2||z − eiθ/2|

)
=
∫ 2π

0
dθ log2 |z + eiθ/2|+

∫ 2π

0
dθ log2 |z − eiθ/2|

= 2
∫ π

0
dθ log2 |z + eiθ|+ 2

∫ π
0
dθ log2 |z − eiθ|

= 2
∫ 2π

π
dθ log2 |z + ei(θ−π)|+ ”

= 2
∫ 2π

π
dθ log2 |z − eiθ|+ ”

= 2
∫ 2π

0
dθ log2 |z − eiθ| = 2f(z)

. (38)

This example has really peculiar properties because f(z) is ∞ on the unit
circle and this appears to isolate the function into two regions that can behave
somewhat independently because (36) is satisfied for f() replaced by af()
where a ∈ C and clearly any two different values of a can be chosen inside
and outside the unit circle and the solutions can be described as having a
natural boundary on the unit circle. [This doesn’t work for finite prescribed
values because if finite values are prescribed on any closed contour the Cauchy
integral formula determines a function that is everywhere analytic and finite,
uniquely inside it, but does it work for the outside region?] This is an example
that divides C into two domains of holomorphy [Encyclopedia of Mathematics]
that overlap only on the unit circle.

Next follows an intriguing example where the condition for a singular point
(an equation of the type (49)) determines two of them and the solutions found
satisfy an additional equation of the type (47). Suppose g2(z) = a+bz

c+z
. Then

g2(z) = z is a quadratic equation with solutions say z1 and z2 such that
z1 + z2 = b− c and z1z2 = −a and g2(z) can be written as g2(z) = −z1z2+bz

b−z1−z2+z
.

However in this case, g2() is one-to-one and single valued so only two singular
points arise as a result of (49) which becomes in this case

f(z) = f

(
bz − z1z2

b− z1 − z2 + z

)
. (39)

Therefore by lemma 6.7 solutions of (39) have singular points at z1 and z2.
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Using methods similar to those used in deriving (23) it possible to formally
derive

f(z) = hk

∑
n∈Z

cn exp

2πi(ln(z − zk) + 2n1πi)

ln
(
z1−b
z2−b

)
+ 2nπi

 (40)

for k = 1, 2 where h1() and h2() are arbitrary functions. By trial and error,
the following are possible solutions of (39):

f(z) =

(
cn
z − z1

z − z2

)s
(41)

where s = 2πi

ln
(
z1−b
z2−b

)
+2nπi

and n ∈ Z. It is easy to show that

g2(z)− z1

g2(z)− z2

=
(z1 − b)(z1 − z)

(z2 − b)(z2 − z)
. (42)

Therefore

f(g2(z)) =

(
cn
z − z1

z − z2

)s(
b− z1

b− z2

)s
. (43)

The extra factor is
(
b−z1
b−z2

)s
can be written (including all its possible values)

as

exp(s ln(t)) = exp

(
ln(t)× 2πi

ln(t) + 2nπi

)
= exp

((
ln(t) + 2n1πi

ln(t) + 2nπi

)
× 2πi

)
= En1,n

(44)
where n1, n ∈ Z for some specific value of ln(t) and where t = b−z1

b−z2 . Increasing

n1 by 1 adds 2πi×2πi
ln(t)+2nπi

to the argument of exp() multipling the whole expres-

sion by exp
(

−4π2

ln(t)+2nπi

)
and En,n = 1. From these it follows that En1,n =

exp
(

4π2(n−n1)
ln(t)+2nπi

)
. Therefore

f(g2(z)) =

(
cn
z − z1

z − z2

) 2πi

ln( z1−bz2−b)+2nπi

exp

 4π2(n− n1)

ln
(
b−z1
b−z2

)
+ 2nπi

 . (45)

From (49)

f(z) = exp

(
2πi

ln(t) + 2nπi
× ln

(
cn
z − z1

z − z2

))
. (46)

Taking this continuously round a small circuit C1 anticlockwise round z1 given
by z = z1+εeiθ for 0 ≤ θ ≤ 2π where ε is a very small positive real number gives

f(z) = exp
(

2πi
ln(t)+2nπi

ln
(
cneiθ

z−z2

))
= exp

(
(ln(cn) + iθ − ln(z − z2)) 2πi

ln(t)+2nπi

)
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The difference over the path C1 of the argument of exp() is 2πi.2πi
ln(t)+2nπi

so the

factor associated with doing C1 is exp
(

−4π2

ln(t)+2nπi

)
i.e. f(z) satisfies f(z) =

f(z) exp( −4π2

ln(t)+2nπi
). This can be applied to write (45) as (41) verifying the

assumed form of f() though this is probably not its most general form. Doing
the same thing for a small circuit C2 anticlockwise round z2 gives the equivalent
result f(z) = f(z) exp( 4π2

ln(t)+2nπi
).

10 Simplest solutions of the equations defin-

ing singular points

******* This section seems as if there are some very important results to be
found but it needs quite a lot of work yet **********

*’s indicate likely theorems that have not yet been proved.
Let the binary relation → on analytic functions be defined by

f() → g() ⇔ there exists an analytic function h() such that f() = h(g()).
Then the relation → that points towards the simpler function is reflexive and
transitive. Also

Theorem 10.1. If f() → g() and g() → f() then f(z) = a+bg(z)
c+dg(z)

for some
finite constants a, b, c, d ∈ C.

Proof. Suppose f()→ g() and g()→ f() then f() = h1(g()) and g() = h2(f())
for some analytic functions h1() and h2(), and therefore f() = h1(h2(f())) i.e.
h1(h2()) = I() which has no singular point. By * h1() can have no singular

point and is therefore a bilinear function and so f(z) = a+bg(z)
c+dg(z)

.

Suppose a set S of analytic functions is such that if f() ∈ S then h(f()) ∈ S.
Then this set is determined by the set R ⊆ S, the root functions, such that
for any analytic function f() in S there exists a member g() ∈ R such that
f()→ g(). Such a set will be called a rooted set. Suppose a single root function
r() acts a root for S i.e. ∀f() ∈ S[f() → r()]. Suppose another function r1()
also has this property, then ∀f() ∈ S[f()→ r1()] and in particular r()→ r1().

Likewise r1()→ r(). Then by Theorem 10.1 r(z) = a+br1(z)
c+dr1(z)

. Such a rooted set
will be called singly-rooted. Thus the root functions associated with a singly
rooted set are related by a bilinear transformation.

Consider now the intersection of two singly-rooted rooted sets S1 and S2.
Specifically consider S = h1(f()) ∩ h2(g()) where f() and g() are fixed and
h1() and h2() are arbitrary analytic functions. Show that it is a singly-rooted
set and identify the root function.

If f1() ∈ S then both f1() = h1(f()) and f1() = h2(g()) for some analytic
functions h1() and h2(). Then h3(f1()) = h3(h1(f())) and h3(f1()) = h3(h2(g())
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so h3(f1()) ∈ S. This shows that S is a rooted set. Let k() be a root function
for S then k() satisfies the following conditions k() → f(), k() → g(), and
for any function l() ∈ S i.e. such that l() → f() and l() → g() it follows
that l() → k(). Now suppose that k1() also satisfies these conditions. Then
k1() → f() and k1() → g() and for any function l() such that l() → f() and
l()→ g() it follows that l()→ k1(). Then in particular k()→ k1() and likewise
k1()→ k(). This shows that

Theorem 10.2. The intersection of two singly-rooted sets is a singly-rooted
set.

Therefore from above, k() is unique up to a bilinear function i.e k1(z) =
a+bk(z)
c+dk(z)

.
This shows that the general solution is determined by one particular solu-

tion. Could f(z)+g(z) be the root function? If so, then f(z)+g(z) = h1(f(z))
for some function h1(). Then h1(z) = z+g(f o−1(z)) formally, and this requires
f o−1(f(z)) = z i.e. f() is one-to-one. Likewise for f(z)+g(z) = h2(g(z)) show-
ing that this also requires g() to be one-to-one. This shows that f() + g() ∈ S
if f() and g() are one-to-one. f() + g() is to be the root function also requires
that for any function l(), l()→ f() and l()→ g()⇒ l()→ f() + g().

Suppose now that f() is not one-to-one for example f(z) = l(z)2 then the
problem is to find the intersection h1(l()2) ∩ h2(g()).

A common type of equation defining behaviour around a singular point is

f(z) = g1(f(g2(z)) (47)

where g1() and g2() are single-valued functions. The more general form

f(z) = g1(z, f(g2(z))) (48)

occurs later. Most of the examples above are actually special cases of

f(z) = f(g2(z)) (49)

[could this be generalised to f(z) = f(z, g2(z))?] or

f(z) = g1(z, f(z)) (50)

which are themselves special cases of (48). Equation (49) can be iterated
to give ∀n ∈ N[f(z) = f(gon2 (z))] which is equivalent to (49). This can be
expressed as

∃n ∈ N[z2 = gon2 (z1)]⇒ f(z1) = f(z2). (51)

If l() is any function then from (51) it follows that ∃n ∈ N[z2 = gon2 (z1)] ⇒
l(f(z1)) = l(f(z2)) i.e. if f() is a solution of (49) so is l(f()). If l() is analytic
so will be l(f()).
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Let fs() be a special solution of (49) that satisfies in addition the converse
of (51) i.e.

fs(z1) = fs(z2)⇒ ∃n ∈ N[z2 = gon2 (z1)]. (52)

This introduces the equivalence relation ∼ defined by z1 ∼ z2 ⇔ ∃n ∈ N[z2 =
gon2 (z1) or z1 = gon2 (z2)] and states that the values of fs() are in one to one
correspondence with the equivalence classes of ∼. Any solution f(z) of (49) is
a function of the equivalence classes i.e. its value is the same for each member
of the same equivalence class, (but regarded as a function of the equivalence
classes, is not necessarily one-to-one), therefore it can be written as a function
of a fs() i.e. f(z) = h(fs(z)). Until now f() and fs() were tacitly assumed to
be single-valued but this does not have to be the case because pairs or sets of
values of fs() will then be in one-to-one correspondence with the equivalence
classes of ∼. Because the functions f() and fs() are analytic, h() will be also.
This works if fs() exists.

The extension to multiple simultaneous equations of type (49) will also
depend on the analogous existence theorem. Another approach is to replace
the equations by the limit of some equations for algebraic functions for which
the uniqueness of the solution given all the singular behaviours at each of the
singular points has been established.

Because of lemma 6.9, every solution of (49) has a singular point at points
z where z = g2(z) for example (fs(z))−2. This example also has a singular
point where fs(z) = 0 and suggests that of all the analytic solutions of (49),
the special solutions fs() that also satisfy (52) have singular points only where
z = g2(z). To prove this suppose z1 6= g2(z1). The condition for fs() to
have no singular point at P , (z1, fs(z1)), using (51) and (52), is that there is a
neighbourhood N of P such that for all points (z2, fs(z2)) and (z3, fs(z3)) ∈ N ,
z2 = z3 ⇔ z2 ∼ z3. The last condition reduces to ∃n ∈ N[z2 = gon2 (z3))] ⇒
z2 = z3. To establish this it is sufficient to choose N so small that if z3 is
included by being sufficently close to z1 that none of g2(z3), g2(g2(z3)) etc. are
included i.e. the image of N under g2() must not overlap N itself. There is
another case i.e. gok2 (z1) = z1 where k ≥ 2 where the proposition is also true.

Therefore these special fundamental solutions of (49) that also satisfy (52)
will be called the simplest solutions of (49). Let f ∗s () be another function
that satisfies the conditions on fs() above then f ∗s (z) = h∗(fs(z)). If h∗() is
any function without a singular or an inversion point (i.e. a linear function)
then by Lemma (6.11) f ∗s () will satisfy this condition i.e. the set of simplest
solutions of (49) must include a+ bfs(z) if fs(z) is included. Can there be any
more? Any other such solution must take this form with a different function
h∗() that will be nonlinear and must have at least two singular or inversion
points somewhere and h∗(a+ bfs(z)) must have no singular point except when
z satisfies z = g2(z) for all a, b ∈ C. This is impossible because the argument
of h∗() can then take any value, so this proves
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Theorem 10.3. The set of simplest solutions to (49) i.e. those that also
satisfy (52) have singular points only where z = g2(z) where g2() is as in (49).
This set is the set a + bfs(z) for arbitrary a, b ∈ C if fs(z) is itself a simplest
solution of (49). Any solution to (49) can be written as h(fs(z)) for some
simplest solution fs(z) for some analytic function h().

It is interesting to note that in the examples the index set N can sometimes
be replaced by a finite set. If g2() is not a linear function the equation z = g2(z)
that determines the singular point could have many solutions, and g2() itself
could be described by another equation of the type (49) or (50) etc.. In such a
case the original equation (49) together with other similar equations to deter-
mine g2() could determine behaviour at a set of singular points simultaneously.
In such a case it might be a good idea to try to solve for the singular points
and then with g2() replaced by linear functions that give the same singular
points, analyse each separately using the results in Section 8 and then try to
reconstruct the original function but note example (35) indicating that in this
case an infinite number of singular points can sometimes occur.

A similar argument to that applied to (49) can be applied to (50) giving
the iteration as

∀n ∈ N[f(z) = gon1 (z, f(z))] (53)

which is equivalent to (50) where g1() appears n times in gon1 (z, f(z)) =
g1(z, g1(z, g1(z, . . . g1(z, f(z) . . .).

********************The simplest solution satisfies

z1 = z2 ⇒ ∃n ∈ N[f(z1) = gon1 (z2, f(z2))] (54)

where the justification is similar i.e. (53) gives all the values of the function
f(z) that are determined by one value of f(z) whereas (54) states that for any
value of f(z) at the same point z, it must be one of the values in (53).

Now consider iteration applied to (48) which gives

f(z) = g1(z, g1(g2(z), f(go22 (z)))) = ... =
g1(z, g1(g2(z), g1(go22 (z), g1(go32 (z), g1(go42 , . . .) . . .) = [g1((), f(g2())]on(z)

(55)
where g1 appears n times in this expression. Now suppose gon2 () is the identity
function : z → z then

f(z) = g1(z, g1(g2(z), g1(go22 (z), . . . g1(g
o(n−1)
2 (z), f(z)) . . .). (56)

This is last expression depends independently on z and f(z) through the func-
tions g1() and g2() and can therefore be written as k(z, f(z)) i.e. (56) can
be written in the form (50) for different g1() and g2(). Also it is concievable
that (56) for some value of n takes the simpler form (49) again for different
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g1() and g2(). In either of these cases the simplest solution of the respective
iterated form of (48) can be defined as above. If this can be done for both
cases the following example suggests this might define the simplest solution for
(48) itself.

There are many results that can be obtained relating the solution sets
of (47) with different values of g1() and g2(). If (47) holds then the same
relationship holds with f() replaced by k(f(l())), g1() replaced by k(g1(ko−1()))
and g2() replaced by lo−1(g2(l())). Making these substitutions gives the same
relationship with the function k() applied to both sides and expressed in terms
of the independent variable w given by z = l(w). For example suppose k(z) =
az+ b and l(z) = cz+ d then the function f ∗(z) = k(f(l(z))) = af(cz+ d) + b
satisfies f ∗(z) = g∗1(f ∗(g∗2(z))) i.e. (47) with g∗1(z) = ag1((z − b)/a) + b and
g∗2(z) = (g2(cz + d)− d)/c.

If in equation (47) go−1
1 () is applied to both sides and the result expressed

in terms of the variable w = g2(z) then the same relationship holds with g1()
replaced by go−1

1 () and g2() replaced by go−1
2 ().

The inverse functions of both sides of Equation (47) again give an equation
of the same form showing that f o−1 satisfies the equation of the same form but
with g1() replaced by go−1

2 () and g2() replaced by go−1
1 ().

In these general arguments, it has to be borne in mind that f o−1(f(z))
could have several components and is not necessarily just the identity function
as in section 1.

11 Further thoughts on solutions to equations

(47) and (20)

Suppose a general solution of (20) is of the form

f(z) = F (h(G(z)) (57)

for some fixed functions F and G where h() is an arbitrary analytic func-
tion. Now suppose in addition to (20) that f() has no singular points other
than those required by (20) including no other conditions that could modify
behaviour at the singular point(s) required by (20) i.e. at (z, f) such that

z = g2(z)
f = g1(z, f)

. (58)

Next consider the finite singular points of h(). Let z = s be such a point then
by (57) any point z such that G(z) = s will be a singular point of f(). By
assumption this cannot happen [unless this z with a value for f satisfies (58)].
An additional condition on h() at the singular points would correspond to an
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additional condition on f() which is assumed not to happen therefore h() has
no finite singular points and therefore h(z) = a+ bz and f(z) = F (a+ bG(z)).
This proves that

Theorem 11.1. If the general solution of (20) is (57) and if f() has no
singular points other than those required by (20) including no other condi-
tions that could modify behaviour at the singular point(s) required by (20) then
f(z) = F (a+ bG(z)).

Consider examples where more than one singular point is analysed like this
in detail and then I expect (47) or (20) will only asymptotically hold close to
the corresponding singular point.

Consider for this a linear combination (LC) of the minimal solutions for
each separate singular point. By minimal I mean solutions that have no other
finite singular points (see below). This LC will have precisely the asymptoti-
cally defined behaviours at the singular points because all the other terms will
not have a singular point at each of them. This I think can be generalised to
nonlinear combinations, if the condition of minimality is dropped. i.e. find the
general solution of a set of simultaneous asymptotically defined relations about
a set of singular points as some arbitrary analytic function of basic solutions
to them singly?

Questions about future research

• Is it possible and practical to use the closure properties to prove state-
ments by a kind of induction i.e. if a statement is true for the constant
function, and it is true for functions f and g implies it is true for their
union, sum, product, f ′() (the derivative of f()),

∫ x
0
f(s)ds,composition,

f o−1(inverse of f)., etc. then it is true for the whole algebra of functions?

• Does the algebra include the solutions of differential equations? eg
f ′′(x) + k(x)f(x) = 0 Perhaps this needs the limit of a sequence of
functions to be included if the sequence is already included because any
differential equation can be written as an integral equation which can
be solved as the limit of an iteration. Then I think differentiation and
integration can be removed from the closure operations.

• Can algebraic functions be characterised as those satisfying (48) with
linear g1() and g2()?

• What role is played by the operation of getting the simplest solution of
(48) with given g1() and g2()? How should this be done in general?

• Consider the binary operation which is the simplest common solution
f() of f(z) = h1(f1(z)) and f(z) = h2(f2(z)) for fixed f1() and f2(), but
arbitrary h1() and h2().
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• What about the solutions of different equations say f(z) = g1(f(f(z)))?
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