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Abstract. The method of minimization of dimension for systems of first-order partial differential
equations (PDEs) is extended analogously to systems of functional differential equations (FDEs).
This method is applied to an exact first-order system of FDes for the grand partition function of
a one-dimensional classical fluid giving an alternative derivation of the pair potentials found by
Baxter, for which exact thermodynamics can be obtained. These potentials satisfy a constant-
coefficient ordinary differential equation (0DE). The methed also gives the eigenvalue problem
for the thermodynamics in these cases which is illustrated by deriving it explicitly for the simplest
case, which is the exponential potential, The connection is derived between the finite system
with external field to which the method applies and the infinite system without external field.
This clarifies some points in Baxter’s work and sheds some light on possible extensions of it,

1. Introduection

The interest in methods for obtaining ‘exact’ solutions for thermodynamics and structural
properties for problems in classical equilibrium statistical mechanics of fluids defined by
continuous potentials has continued until recent years. Apart from continuing interest in one-
dimensional models with nearest neighbour potentials [1, 2] a new method applicable to the
three-dimensional case has recently been proposed by Edgal [3] which makes use of nearest
neighbour probability density functions (NNPDFs) which seem 10 have been largely ignored in
the literature in favour of the n-body distribution functions. His scheme leads to an iterative
process for calculating, simultaneousty along the isotherms, the free-energy density and the
NNPDFs which should converge to the exact solution. The most computationally demanding
part of each cycle of the algorithim involves caloulating an r-dimensional integral for each
value of the density, where n is the number of particles which have a significant interaction
with a given fixed particle which acts as a source of external field. Thus » may be ‘a few
tens” in practice while N the total number of particles in the system approaches infinity.
He suggests that the integral may be evaluated by a Monte Carlo method and in principle
exactness is only obtained when # —» oo. The method is particularly appropriate for hard
spheres and other systems with short ranged potentials and seems to be the natural extension
to three dimensions of the exact analysis of one-dimensional systems with a finite number
of nearest neighbours interacting. See for example Lieb and Mattis [4] for references to
this earlier work. '

t This work was done while I was at the School of Physics, University of East Anglia, Norwich, NR4 7TJ, UK.
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In this paper I present an alternative approach to the one-dimensional problem based
on my previous work [5] in the light of a better understanding that I have obtained of the
necessary theory of partial differential equations (PDEs) [6]. Hence I regard [5] as superseded
by the present paper (except for mention of the beautiful result (4.6) for the nth functional
derivative of the composition of two functionals). Unfortunately this work has developed
in a way essentially independent of other recent contributors to the field. This may make
it hard to understand but ¥ ask the reader’s allowance here because I believe the infrinsic
interest in the methods used will justify the extra effort needed.

It has been shown earlier that the grand partition function (GPF) satisfies a functional
difference—differential equation [7] and it can be written formally as an infinite system of
first-order functional differential equations (FDEs) in many different ways {5]. I also showed
[71 how one can formally treat a single first order FDE by the method of characteristics,
treating functional derivatives in the same way as partial derivatives. Furthermore, I have
recently shown [6] that there is a generalization of the theory of characteristics for systems of
first order PDEs in # independent variables which in some cases gives an effectively complete
reduction of dimension of the problem to dimension r < n depending on the ‘complexity’
of the original system. In a typical case however, there will be no reduction of dimension
50 r = n. I give here a formal extension of this method to systems of ¥DEs and apply it to
the first order system mentioned above. This eventually leads to Baxter’s result {8] that the
thermodynamics for any pair potential which satisfies an ordinary differential equation (ODE)
of order r — 1 with constant coefficients can be obtained from an r-dimensional eigenvalue
problem. The thermodynamics are obtained from a limiting process applied to the results
for finite systems with external field which the method gives. I derive this explicitly for
the simplest case » = 2 and show how the thermodynamics can be obtained which requires
& discussion of the approach to the thermodynamic limit for a non-uniform system. This
clarifies some important points which are not clear in Baxter’s original paper [8].

This rederivation of Baxter’s results is important because it is a means of checking the
new mathematical methods developed here and because it presents Baxter’s idea in a way
in which generalization may be possible. Specifically, I believe that this could be done by
using a formal extension to FDEs of an idea implicit in [6] namely repeated use of ‘partial
reduction to (one) dimension’, solving the resulting equation and re-inserting the solution
back into the original system so reducing the number of unknowns. This may lead to a wider
class of potentials for which a finite-dimensional problem for the exact thermodynamics can
be formulated. I am now trying to generalize this idea and then I hope to apply it to the
above problem in a future publication.

The layout of this paper is as follows. In section 2 I introduce notation and derive
necessary and sufficient conditions determining the GPF. Section 3 contains a formal
argument, generalizing the arguments in [6], giving the procedure for minimization of
dimension for any system of first-order FDEs, I then illustrate this general procedure in
section 4 by applying it to the system obtained from the exact equations for the GFPF. 1
also derive the explicit eigenvalue problem for the simplest case r = 2 i.e. the decaying
exponential pair potential. In section 5 I summarize the results of the paper and explain
how the work might be generalized to other classes of potentials.

In the appendix I discuss the approach to the thermodynamic limit for non-uniform
systems in more general terms than are needed here, giving a short derivation of the
asymptotic form for the GPF which holds for a slowly varying external field and shows
the validity of local thermodynamics in this case. This result is implicit in the work of
Percus [9] and is conceptually simpler than many other derivations [10-12] although the
latter authors proceed from a more rigorous mathematical point of view.
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2. Necessary and safficient conditions for the GPF of the non-uniform system and the
calculation of pressure |

In the following I shall use square brackets to denote functionals because they are more
commonly used than the braces I used earlier. I start with the GPF for the one-dimensional
non-uniform fluid which can be written as

BE{L o~ 1 LdL LdL LdL - L - (1
u[,z(x)]—§m£ lfn 2[0 v ([Tewa) ™ @

which can be written in the equivalent form without the factor I1/N! and the integral
restricted to the domain 0 < Ly < Ly—1--- < Ly € L. Vin is the internal potential
energy of the system ie. the mutual interaction energy of all the particles. Vin =
ZIQ' <jen 9(Li — L) when the potential energy is pairwise additive. With the exception
of the appendix I shall be concerned entirely with this case. In (1) the system is of length
L and v(x) = B¢ (x) where ¢ is the pair potential and 8 = 1/kgT. If the external field is
introduced into the problem of the statistical mechanics of a classical fluid the GPF provides
a generating functional for the n-particle distribution functions. This was one of the original
motivations for introducing it into the theory of liquids. It has been conveniently used in
the form z(x) = ze~PVs™ by Stell [13] (where z is the fugacity) in connection with cluster
expansions of thermodynamic properties and correlation functions.

I have shown in [7, [4] that from Baxter’s recurrence relation for the configuration
integrals or directly by differentiation it follows that

ffl« 2(x)] = z(L)E[L, z(x) e L], )

Introducing G*[L, z(x)] = In E[L, z(x)] this can be written as

acG*

=7 = {L)exp{GTIL, 2(x) e 7] = G*L, 2(0)]) - 3

The form of (3) can be simplified, linearizing the argunment function, by introducing
: 1 2 m
y(x) =Inz(x} = fu+ 7 In ('Bzz—) — pVe(x) 4)

where w is the chemical potential, m is the mass of the particles and £ is Planck’s constant,
The function y¢x) now plays the role of independent variable in the transformed equation
which reads

g = exp {y(L) + GIL, y(x) — v(L —x)] - G[L. ()]} )

where the new functional G is defined by G[L, y(x)] = G*[L, ¢**]. Then in this notation
the GPE becomes

) o0 L L N
goef=3 L dL;...f dLNexplZy(L,-)— 5 v(L,——LJ.-)}. 6)
O .

i=] Ii<jEN
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Putting L = 0 leaves only the N = 0 term which is 1 so that
B[O, z(x)] =1. M

Equations (2) and (7) lock like an initial-value problem with a unique solution. In fact
this is true only if the L dependence of E is only in the cut-off of the integrations i.e.
E[L, z(x)] depends on z(x) only in the range x € [0, L] and is otherwise independent of L.
The general Maclaurin expansion of an analytical functional satisfying this condition is

HL, X = dL dL o dL Z.L[ J'f L,...L . 8
s E £ 2 N il ]I N 1 N

This is the expansion of any functional which depends on a single function z{x) which is
zero whenever x < 0 or x > L. The most general analytical functional of L and z(x) in the
interval 0 € x < L would have had the &y factor as &y (L, Ly, Lz, ... Ly) with additional
L dependence.

Substituting this form for E into (2) gives an equation from which one can equate the
kernel functions because it holds for all z(x):

N
(n E_U(Lh‘r")) An(Liy ... Ly) = by (L, Ly, ... Ly)

{==]

forall L,Ly,...Ly and N 2=0. {9

By writing down the equations explicitly for N = 0, 1,2... it is easy to conjecture then
prove by induction that

hN(I.I,Lz,...LN)=/IQBXp(— Z U(L,-—Lj)). {10

Igi<j<N

This may now be ingerted into the RHS of (8) giving kg E[L, z{(x)] which is the most general
solution of (2) of the form (8) so the GPF is completely characterized by (2), (7) and (8).
For any non-uniform system the pressure at x = L is

dlnE

P = Py =}pT Y2

- - (1N

which depends only on 8, p and Vg(x) for a fixed pair potential ¢(x). Moreover 8P is
a function of only L,y(x) and v(x) so the chemical potential 1 and Vz{(x) do not enter
the problem separately but only in the combination y{x). Since v(x) is fixed in the whole
argument, the determination of the functional SP[L, y{(x)] gives the thermodynamics of
the non-uniform system for a given v(x). The functional 8P[L, y(x)] degenerates to the
function 8P (y(L)) when the function y approaches a constant in a neighbourhood of x = L
sufficiently rapidly as L — co. This is obvious on physical grounds but its derivation is
given here in the appendix.
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3. The method of minimization of dimension for systems of FDEs

In this section I describe the formal extension of the methods in [7] and [6] to systems of
FDEs and in the next section I apply them to reproduce Baxter’s basic results. I am writing
this in detail here in the hope that these methods will find many applications outside the
scope of this paper.

The essential idea is to look for the most advantagecus sets of dependent and independent
variables. For many cases no simplification is possible but for a single first-order FDE
reduction to one dimension i.e. one independent variable is always possible [7] the result
extending the classical calculation of sclutions along characteristics for the PDE case, Here
I am concerned with the generalization of this to systems of FDEs.

Let the system of FDEs be

F,.,[y(x) L, {u), {2‘;} {ai‘é)”—o for 1<k<m (12)

for the set of unknown functionals u; for 1 < i€ pof L > 0 and y(x) for 0 < x < o0.
The Fy are the functional analogues of the functions £ I used earlier in [6] i.e. for given
L and y(x) the F. depend on the u; and their derivatives only at the same point (L, y(x)).
Upon inserting a set of known functionals #;[L, y(x)] the F; become dependent on L and
y(x) only. Here 0 £ L < oo and the function y(x) is allowed to range over the space of
all functions defined on the interval 0 < x < oo. The total derivatives are

dFk 8Fk BFk Sui aFk é au,-
O] +Z [a_uf 5y 3 @m L) 330 (H)

o2 5Fk 3"!.!;
13
+fo 5Gui/oy 6N 8ycs)3ym] (4

and

N[oFdw | 9R 2w SR 0 [ u
aL +IZ; [au, 3L T 3 (ou; /L) 312 +f %8 Gui/6y(s)) oL (Sy(s)):l '
(14}

Let [y(x), u, F',dF/dL,dF /dy(r)] be a functional which depends only on L, y(x}, u;(x),
due; /3L and Bu; /3y(x) after expressions for F' and its total derivatives have been inserted.
In general such a functional without this condition will involve second derivatives of .
This condition is that all the second derivatives vanish i.e.

éh

= 15

8 (8%u; /8y(s)8y (2)) (13)
sh

p—- . 1

STE/35 o) @a/oD] —° (16)

oh o o

8(9%u;/3L%)

Such a functional gives 2 new equation Fm_|.[défh —~ i{F = () = 0 necessarily satisfied by
the «; which satisfy F| = ... = F, = 0 already. The complete independent set of all
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such functionals must be found at each stage and the whole process repeated until no new
independent such functionals are obtained. The resulting system F; = Qfor 1 <7 € m,
where m now denotes the number of equations in the new augmented system, is said to
be complete because there are no extra integrability conditions. This is analogous to the
method I used in [6] for systems of nonlinear PDEs to obtain all the integrability conditions.
This is a very difficult task to carry out in general. The method is probably most useful
when the system (12) is already complete but not known to be so. The equations for 4
must then show that 4 has no dependence on the derivatives of F. and this demonstrates
the completeness.

The following argument shows that the conditions satisfied by 2 can be written in
simpler form.

Equation {15} can be written as

, 3(dF/ayG))
;fo N S @RIHE) s Pty @) (i8)

From (13) the last derivative is

Z f A /5 (,))a:,sas 0, {5, (19)

where the last factor §({s’, 1}, {s, }) can be easily shown to be %[8 (s' =) — 1)+ 8(s" —
£)8(t' — 53] provided the obvious extension of the definition of the functional derivative to
functions of two or more variables is taken:

SFLf(x1...xn)] 3 N ’
o~ e[ [ o)

and the symmetric function 82u;/(8y(s)8¥(t)) is replaced by the equivalent explicitly
symmetrized form. Hence (15) can be written as

i[ sh S, & SF, ] o ap
£ | 5@y () 5 Gur /3y () 3 @Ry 8 Gur By )
for 1 €i € p;0< 5,1 < co. Similarly from (16)
f s 5 (AF,/dy()
% (dFk/dy(r)) 51(3/3y()) @itz /3L)]
S (dF/dL)
= 22
+Za(dFk/dL) 516/3y(s)) 3m./8L)] @2)
and
g (dijdy(t)) _ oF: 5 — 5) & (dF,/dL) _ SF,
SIG/8y®))@wi /a0l 3 (9m/3L) SIG/57 () (a3 3 G /ay )
hence

i[ 8 Fy 8h 8 Fy ] —0 23)
= LS (dFk/d)’(S)) 8 (35&:/31-) 8 (dF:/dL) & (u; /8y(s)) '
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The finally from (17} it follows that

eRil3

,Z; 3 (dF./dL) 8 (3u;/3L) for 1<i<p. 24)

The next step in the general procedure is to look for linear combinations
D Fehog[L, y(x), 1 .. 2p] = 0 for 1gaegm {25)

of the equations such that if the new continuum of variables z(x) and z; ...z, are introduced
in place of L, y(x) then each equation is independent of all derivatives with respect to z(x).
(L will be assumed to be varying over these r-dimensional subspaces of the function space
so that one can assume z; = L without [oss of generality.) From the introduction of the
new variables it follows that

St du; Sz f Su; 82(8)
= o -+ dr—— (26)
Sy(s) |, = 9z Syl Jo éz(t) é‘y(s)
and
du; du; Ou; dz; f°° Su; dz(t)
ryl =+ + dz (27
L Iy 9L Z 82 0L |,  Jo  d2(t) OL |, )

Applying this change of variables to (25) the reduction of dimension to r requires that

5 "
S5 2 el v, wl =0, | o8

Using the chain rule, this can be expressed in terms of derivatives with respect to the original
variables thus

SOUAL) | [ SCufiy) 5 B
3(3»6;/314)2 T +f dsS(Sui/tSz(I))6(8u,-/5y(s));F ihat =0
) (29

Using the equations from the change of variables above, this can be simplified to

Sz(t)
@ =0 30
¥ fﬂ 5y( )Z ka(ﬁu,/éy(s)) (30)

k=1

Z’”: 3F,  0z(t)
3 (3u;/aL) AL

which is a set of FDEs for z{t) of the form
8z
ALY+ [ ST flLy@I=0 Vel @D

for fixed i and o once « is known in terms of L, y(x). Although the w are not known
yei, these equations can still be used to help set up the conditions for determining the z(¢).
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Regarding f as a vector field on the space of points S = {(L, y(x))}, with a separate 0
component and a continuum of components indexed by s, one can proceed anatogously to
the finite-dimensional situation by noting that the z{¢) must all be independent variables
and are therefore independent solutions of (31) with f replaced by f;, where

o 0F; 2 6 F;
Jia = (RZ:; hakm,; hakm> . (32)

This suggests that the Lie algebra generated by the fi, has orbits of dimension r i.e. the
Jia generate an r-dimensional manifold. To find the consequences of this, take the fi, and
take commutators and appropriate linear combinations to get a set of r commuting LI vector
fields by in terms of which the fj, can be expressed thus

Fie = D hipaDp (33)
B=1
ie.
fao =7 Mgabpo  and  Fia(s) =D higubp(s) (34)
=1 f=1

where the A4, are functions of (L, y(x)) for a given u[L, y(x)]. In each r-dimensional
subspace of § in which the z{¢) are all fixed, the z;...z. vary so the 8/9zg must be
interior to them and commuting so choose 3/8zz = bg or in components 3y(t}/3zp =
bg(t) and 8L/9zg = bgo. From the original system (12) I have the equations

Fohy =0
dy(s)z itk

which together with (12) yield

i Bak d%% =0. (35)
k=1
Substituting {13) into {35} the third term becomes (using (32) and (34))
2 ou;
2 ; g ﬂ“Sy(s) ( )
and the last term similarly becomes
0
f @ ;; A”ﬂ“b"(’)ay( ok

From the chain rule

] Su; \ oo 8 Su; )\ 0y{z) _3_ Ju; iLL
dzp (Ey(S)) —fn drﬁy(t) (éy(S)) dzg TaL (53’(53) dzp co
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Hence using 3/9zg = bg the equations become

= 5 Fy L aF, Su; Su; \
2 b (ay(s)+ a—mﬁy(S)) ZZ 7 (ay(s))—o 7

k=t i=1 =1 g=1

for 1 € e < m' and 0 £ 5 < 0o. A similar argument shows that, starting from
Z Frhor =
L=
and using (14), the chain rule, (32) and (34) the equations
aFk 3Fk ou; £ (auz) ‘
h — '] = 0 38
f\;; “"( ~ Bu; BL) ;; P a2s )

hold for 1 € o < m’. Also from the chain rule, and assuming that L = z;,

du; oo Su; ay(s) du; oL f‘” Su, Bu,
— = ds—— ——= ds -I— 39
8z; fg 5yG) 95, 3Lz Jo bis) ©9)

Equations (37), (38) and (39) are the analogues of (55) and (56) of [6] and are the
required equations involving only r independent variables as expected. The original
independent varijables y(x) and the original unknowns u; ..., and their first derivatives
du; fOL, §u; /6y (s) should now be regarded as the new unknowns and z; ...z, as the new
independent variables. In a systematic procedure for dealing with systems of the type (12},
linear combinations o for which r = 1 should be sought ficst followed by those for which
r = 2 etc. Of special interest are cases when the same set of vectors bg will serve for a
number of independent linear combinations of the system. If this number is equal to = the
number of equations in the the system, the £, are completely arbitrary and the coefficients
of them may be equated to zero to get the reduced r-dimensional system. This happens in
this paper with r > 2 in the analysis in the next section of the equations defining the GPF.

4. The exact treatment of the equations for the GPF
To illustrate the technique of minimization of dimension of systems of FDEs described above
it is necessary to express (5) as a first order system. In the RHS the difference term can be

replaced by its functional Taylor expansion to N terms and later I will let N — oo. The
result is

GIL, y(0)] _ S o L _SGIL, y()]
Y2 = exp (y(L)+kZ=|:H.[o dx,.../o dxkE( v{L — x;)) ) -y
{40)

which becomes formally exact as N — co. Now the functionals u; ... uy, sach dependent
on L and y(x) are introduced by the following equations

% Stp
m=G  and uk=—f dxv@ — )22 for 2€kN. (41)
0

8y(x)
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Then in terms of the auxiliary variables u; ... 1y equation (40) becomes first orderx:

(y(L)+ZM——f dxo(L — x)“))“"fs 42)

i=1 *

hence in the notation of section 4 the resulting first order system of FDEs can be written as

au[ il Wit 1 foo csMN _
Fi=— —exp(y(L)+§ bl A dx v(L x)Sy(x) =0 (43)

Sligm
By(x)
The first step of the procedure described above is to write down the derivatives of F

WRT 8u; /&y(x) and 8u; /3L and obtain the equations for 4 to obtain the completion of the
system (43) and (44):

o0
Fk=uk+f dx v(L —x) =0 for 2<k<N. (44)
)

8 F

5Gmeyy T dmliov(L - )+ i b =) (45)
aF; _ .
YN (46)

The equation (21) for A4 becomes

Z [5 @F./ay () ((1 — k) (L = 8) + 8y mé‘mv(L - s)) + same with § < t]
k=1 . I

=0 o (47)

for 1 £ i< N0, <00 Doing the sums and specializing to the case s = r and
assuming v 7 0 gives '

& _
8 (dF/dy(s)) ~

From (23) for &,

for 1<k<N. (48)

X 5h 3k E
; [m x1dip 4 m ((1 — &1)8ipm (L — 5) + Sklmai.NU(L - S)):]
—o0. 49)

Por i =1 it reduces to

3h Lo
d(dF/dy(s)y 8 (dFR/dL)

Wl —-5)=0 (50)

so from above

oh

3 (dF/dly Gh
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The other cases are easy, combining to give

ok o
3(dF,/dL)

The final equation (24) for # is now trivial. Hence the conditions on %, (48) and (52), imply
that % has no dependence on any of the first total derivatives of the F; hence the system
(43) and (44) is complete.

The next step is to write down the vector fields fi, in (32) with separate 0 component
fiao and the continuum of components fi,(s) for 0 < 5 < oo which are defined at each
point (L, y(x)) for 0 € L < oo and y(x) defined on 0 < x < oc. They are given by

for 1<AK<EN. (52)

fo0 = ih i and  fials) = ih SLLI S (53)
07 £ 75 (9w /31) T TS G foy(s))
which for the above system simplify to
E
Jia0 = ha18 and fia(s) = v(L —5) (ha.i+1(1 — 8 n) + Ay m&w) (54)

for 1 < i < N. Hence for each pair (i, &), fie is a linear combination of two vector
fields which can be expressed in components as (1, 0), (0, v(L — s}). Since this basis is
independent of the choice of linear combination &, any linear combination of the original
system is reduced in the same manifolds i.e the system is completely reduced to the number
of dimensions r which is equal to the dimension of the manifolds generated by the two
vectors. To determine this dimension a commuting basis in terms of which the fi, can be
expressed must be found. The differential operators associated with the vectors are

By = and S—desv(L—s) d (55

Y 2= 0 Sy(s) )
Since b, is constant in these coordinates L, y(x)

[ <]

b1, byl = by (B =f dsv'(L—5 X 56

[b1, ba] 1(B2) A s v'( )Sy(s) (56)
Furthermore,

. R o . 5

uo b, il = [ dsvO@ ) (57)

0 8y()

where v@ is the ith derivative of v(x) and by appears i times. It also follows that the
commutator of any pair of these operators is zero $0 that the set of operators

T, = [E,; (bi,[B1,...[B1,Ba]...]  where By appears i times for i =0, 1,2...} (58)

is closed under commuiation i.e. forming a commutator of any pair of operators in T,
generates another one in 7. Therefore r is the number of LI operators in 7,. Hence

= — ® 8 3
=gy — _ , Oer -
_/; ds oL S)ay(s) = ;BIEL!.Y(X)]./; ds v (L S)Sy(s) + A[L, y(x)laL

(59)
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forall s, L, y(x). But B; and A cannot depend on y(x). Also equating the 3/3 L components
gives A = 0. Taking the 5 component gives

r—2
v L -5y =" B (L ~5) for all s and L . (60)
=0

Finally B; cannot depend on L so 9"~V (x) = Y772 B;v@(x) so for the r-dimensional case
v(x) must satisfy an ODE of order r — | with constant coefficients. This agrees with the
condition Baxter found for his equations to be finite-dimensional.

I will now derive these equations explicitly for the simplest case r = 2. Obviously

u(x) = Def* (61)

where D is an arbitrary constant. Now a commuting basis b, b, for the vector space
spanned by Th must be found. Let b = B, and by = ab; + ,Bbz where o and § are
dependent on L and y(x). Then

[61, aby + 8s] = BBy, b2} + B1(B) - b + bi (@) - by =
or in components

(0, Bv'(L — )} + (o, %U(L —~ s)) + (%E 0) =0 (62)

hence de/3L =0 so o = e[y(x)] and Bv'(L — s} + (88/8L)v(L — 5} = 0 which is a ODE
for B at fixed y(x) when combined with (61). It has the general solution g = e~FLc[y(x)].
Hence the general solution for b is

by = oy ()] + by (e fu ds v(L — 5) 63)

§
8y(s)

and the simplest choice giving LI by and by, is

b2=e_5r‘f°°dsv(]_.~s 5 =D[°°dse‘8“' g . (64)
D 3y(s) 0 8y(s)

The general theory can now be used to construct the corresponding equations in the two
independent variables z; and zz. To do this the coefficients ;5. have to be identified:

2 o
8
= Aigaly = Ailg— 1 A; —‘BL[ d L— 65
S ; ga by 1“8L+ 20 € A s v( S)ay(s) (65)
so comparing with (54) shows that
Ale = Re1di and Ay = ( erit1{1 = & w) + gy — N1 :N) e,

The derivatives of F WRT y(s) taken at constant du; /8L and §u; /8y (s} but allowing u; t0
vary are

elsw )+§15”‘+' k=1
5Fe  SNOF Sui s 1 33(s) =

ay(s) = dw syl | sug
8y(s)

(66)
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Introducing the new variables z; = L and z by the relations 8/8z; = by, 8/0z2 = by the
derived egnations (37) become

y —E (8L — )+ LiL (/iD8uis /5y(s)) k=1
2 b 2<kEN
k=1 = R

Sup /8y(5)
N 5u, .
+ 2 [ 18 Y2 (aylz )) + (hu.i+1(1 Sin) +hm 3; N)
x oo L (Suf/ay(s))] =0 ' : “n
322

for 1 Lo < N; 0< ¢ < co. A similar set of equations derived from (38) can be written
down but they will not be needed here. Since (67) hold within the same 2D manifolds for
each value of & one can equate the coefficients of /4. It turns out that only the cases
2 < k < N will be required in which case one obtains

oo ® (b
3y(s) dzz \ 8y(s)

from which it follows that

Bttje) ( ‘o 0 )" Su .
=| —ef*— for 0KLiEN-1. 68
8y(s) 8z2) 8y(s) S (o)

From the original system of FDEs (44) this leads to the result that

i—-1
Uir) = / dxv(L—x}( B 3) S for [<igN~—1I. (69)
972 Sy(x)

Using these last two results, and the identity

A

[»] 6
_ .—BL _
=g fo ds (L s)——a B

from (42) the exponential term E in (43) simplifies giving
-
—exp|: (L)-i-z ( ) u1} . (70)
i=i !

Letting N — oo, this gives formally from (43)

ZLL = exply, (L) + 1L, 22 —efYy —u (L, 22)] (71)

where y,, (x) is given by the equation

Sy _ f T a2 et —u(r - xye B (72)
922 0 8y(s)
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with solution y,,(x) = 22u(L — x)e~FL 4 yy(x). Hence, substituting for y,,(x) and v(x)
from (61) and remembering that #; = In E one obtains from (71)

o -
57 BIL, D2a ™™ + yo(x)] = &2 TENINELL, 7D emEr — DB 4oyy(x)]  (73)

which is easily seen to be equivalent to the exact equation (3.1) of [7] which can be written
as

a 7 L y(x)] = EEIL, y(x) ~ w(L — x)] (74)

where the substitutions y(x) = yo(x) + Dzze™3* and v(L — x) = D P have been
made which make this equation effectively two-dimensional.
To show this explicitly define

E*(L, 22} = E[L, Dzae™ % + yo(x)] (75)

for fixed yp(x), D, and B. Then it follows that
aE*

aL |,

(L z2) =explzaDe™Br + yo(L)] B* (L, 20 — e81) . (76)

Now introduce the new variable z3 = z, =% to transform (76) to variables separable type
then

9 9
L =) B o
l- 3Lt o

Let E(L, z3) = E*(L, z2) then (76) can be written in terms of &(L, z3) as follows:

3 g

I BZ35z_ =exp[Dz + @) B,z -1 . )
If yg is a constant function one can look for solutions E(L, z3) in the form f,{L) f2(z3).
Inserting this into (77} and dividing by f1 (L)} fa(z3) according to the usual method gives

ALY  , fRk) flzs—1
HL) B2 fa(z3) exp(Dzs + 30) Folza)

Introducing y = f{(L)/fi(L) which from (78) must be a constant, then fi(L) = ¢, et*
and

(78}

v f2(z3) = exp(Dz3 + yo) falzs — 1) + Ba f(23) - (79)
Denote the solutions of (79} by f,(z3) (with an arbitrary normalization constant) then a

solution of (77) is E(L, z3) = ¢} ¢¥L f2,(23) and hence because (77) is a linear equation
the solutions can be superposed giving the general solution of (73) in the form

E(L,z3) = Y oyt fo (za). (80)
4
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The constants ¢, must be chosen so that

1=8(0,23) = ) ¢y for (z3). (81)
}’ .

This determines all the ¢, and hence gives the unique solution for & for the system of
length L with y(x) = yp + Dzze®*—=),

In order that kg T'v(x) is a physically acceptable pair potential it is necessary that B < 0.
There is therefore an external field parameter y(x) which increases exponentially with x
and so (1/8)(dlnE/3L)|y gives the pressure at x = L in the non-uniform system but
it cannot be equated with the thermodynamic pressure for the system given by v(x) and
¥(x) = constant which is what I wish to obtain. The way round this is to calculate the
pressure at x = 0 instead. This can be shown to be given by (1/8)(3InE/9L)[; where
F{x) = y(L—x) by the change of variables x — L —x applied to the particles of the system.
In this case {x) = yo(L —x)+ Dzz e~ L. &%* which can be made to be a fixed function of x
by choosing yy = constant and zze 5% = z5 also constant. Also y(x) = yo+ Dzzefle~5%
is a function which approaches v as L — oo keeping z; fixed. Hence in this limit the
pressure at x = 0 given by (1/8)(8In E/8L)|,, will approach P (), the thermodynamic
pressure evaluated for a uniform system with lnz = y as shown in the appcnd1x

This justifies the choice of z3 as new variable and

. dhE 2y Gy et fay(23)
BP (o) = lim — L Jim S ¢ @) Yo (82)
which is the eigenvalue yp of
v f2(z3) = exp(Dz3 + Yo) falzs — 1) + Bz3 f(z3) (83)

with the largest real part. This follows because it is the term corresponding to the largest
eigenvalue which dominates the numerator and denominator as L — co. Ht is easily seen
that (83) may determine a piecewise analytic function on successive intervals of unit length
but there is also the condition that f is analytic. This follows from E* being analytic
WRT z, (which controls the strength of the external field in (75)). This condition is referred
to as the eigenvalue condition because it reqnires y to be an eigenvalue of the operator
applied to f> in the RHS of (83). I should point out that the whole problem has now been
reduced to a 3-parameter (D, B, yp) eigenvalue problem in one dimension but because one
of the parameters (B) has dimensions L~! which is related to the length of the system this
parameter can be removed by a change of variables.

Using (61), with the GPF for the uniform system expressed in the form E(z, L, D, B) the
change of variable BL; = [; shows that the GPF can also be written as E(z/B, BL, D, ).
Using the formula 8P = limy . InE/L gives w(z, D, B) = v(z/B8, D, 1) x B. This
also follows from (83) by dividing by B'leading to the 2-parameter eigenvalue problem for
y*=v/B:

Y@ =te® flx— 1)+ xf(x) (84)

where ¢ = z/B and the eigenvalue with smallest real part is /B because B < 0; the
eigenvalue condition is that f is analytic.
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5. Summary and outlook

The method of minimization of dimension for systems of PDEs [6] has been formally
extended to systems of FDEs and the method has been successfully applied to a functional
Taylor expansion of the general equation satisfied by the GPF of a one-dimensional classical
fluid which is really an identity derived by differentiation. The method reproduces Baxter's
[&] solvable cases for the thermodynamics and correlation functions when the system of
FDEs is simultaneously reducible to lower dimension i.e. when the pair potential satisfies
a constant coefficient ODE. I have iilustrated this general result by rederiving the explicit
eigenvalue problem for the simplest of these cases namely when the pair potential is of
decaying exponential form clarifying the role of the external field and the approach to the
thermodynamic limit. .

Furthermore, I have recently found a simple example of a system of PDEs which may be
completely analytically solved by repeated *partial minimization of dimexnsion’ i.e. reduction
of dimension of a linear combination of the original system to one and re-inserting the
analytic solution of the equation obtained so reducing the number of unknowns by one at
each step. The system was about the simplest possible i.e. a constant coefficient linear
first order system with three equations, three unknowns in three dimensions which does not
involve the undifferentiated unknowns. It seems that in general the system of PDEs must
be of a very special type (though not necessarily linear} to be amenable to this simple idea
based on my earlier [6] work but a formal extension of this idea to FDEs must be possible
and this might extend the class of potentials for which the thermodynamics can be obtained
exactly or provide the framework for a proof that this class cannot be extended (for the
finite potential single component case). I hope to report on this shortly.

Finally I would like to make a remark on the possible extension of the methods to real
three-dimensional systems. It has always been my long term aim to obtain practical methods
to exactly solve problems of physical interest in this field but I have always believed that
the mathematical developments needed would be discovered by first trying to solve one-
dimensional problems and then trying to generalize therm. In this context I believe that an
important idea is contained in the work of Edgal [3] cited in the introducticn, namely the
ordering of the particle coordinates which makes his formalism for the three-dimensional
case look in places like that appropriate to a one-dimensional system. Since the supposed
absence of such an ordering relation in three dimensions was once thought to be the reason
for the non-generalizability of the methods in one dimension to three dimensions I think
some generalizations may be possible to three-dimensional systems using this idea.
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Appendix, Thermodyaamics and the finite non-uniform system

I shall start by giving a derivation of an important identity used by Lebowitz and Penrose
{15] to obtain rigorously the thermodynamics of systems with an additional weak long
ranged Kac potential.
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Consider an expression involving the multiple integration

L L
j dL;...[ dLy .
0 0

I want to equate this to an expression involving integrations over the subintervals €
for 1 € { £ M which form a partition of the mterval [0,L]. Since one can write

j:f' dL, =¥ fﬂ di it follows that

fULdLI---fO dLN—Z Z/ dL, -- deN

in==l

From the sequence (i1, iz ...Ix) the set of ‘occupation numbers’ 1y, na . .. nys can be found,
n; being the number of times j appears in the sequence ({1...iy). L; represents the
coordinate of the /th particle in the system and #; is the number of particles in the subsystem
;. Each sequence (s, ...n)) can be obtained from many distinct sequences (i ...in),
their number being obtained from the following argument from probability theory. This
is equivalent to asking for the number of ways in which M boxes can be filled with a
total of N distinguishable objects with n; objects in box j for I £ j < M. Box 1 can
be filled in N!/((N ~#n;)lm Y distinct ways. For each of these, box 2 may be filled in
(N —n /(N — n) — n3)Ina!) distinct ways, etc. Hence the total number of ways of filling
all the boxes is the product of these cancelling down to N!/(n!ra!--- ny!). Returning to
the integrals one obtains the transformation

L L NI
dL.--. = —— { dL,;--- | dLy.
frome fow= 2,

(CTEE 7)) N i
n=N

=1

L{Rj)

Hence regrouping the integrals and renaming the integration variables on £ as L}-” <Ly

it can be written as

! ) oy 1 ) )
del deN—N' > = deLl ---fmdLl e Q‘:iLM .

{tyiy} &
TiLimi=N

I forall N 2 0, fi is a symmetric function of its N arguments summing over N removes
the rcstrlctlon and interchanging the sum and products gives

iL/LdL[...deLNfN(L]...LN)=ﬁ i dL(lJ f dL}"”
NlJg 0 azo !l o Q

N=0 """ Jj=1
x o (L0100 1P YL L) Al

the symmetry of fy allowing its arguments to be rearranged. This is the basic identity that
was needed. In the right hand member of (Al) the product over j indicates the application
of M commuting integral operators to fy. The n; = O terms represent 0 integrations which
is by convention the identity operator 1. Putting

N
Fn(Ly .. Lyy = e~#Vtlto [T a(p)
i=]
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where Viy is the internal potential energy of the N particle system (not necessarily pairwise
additive) it becomes the GPF. I can set M = 2 and write Vjy = Z;— Vin + Ig,q, where
Ig, q, is the potential energy of interaction between the subsystems £2) and €23. Hence from

(AL

201

>N f dL; .. f dLy e FVintLan L")l—[z(L)— f LTASSN AL
N=0 2

ny .
xe-ﬂ"rnnz(Lﬁ‘))(Z f ars...

i=1 ﬂz—ﬂ

na
. f Ly e=FVim g~Flory Hz(LSj’)) : (A2)
82}

i=1

Dividing this by the corresponding expression with I q, = 0 following gives the grand
canonical average (e P/m) of e7#mi% with the two systems 2 and €, adjacent but
non-interacting i.e. the joint probability distribution of configurations of the system £, +£2;
is the product of the distributions of the configurations of the subsystems 2| and £,. With
fa,q, = 0 (AZ) gives

E*[z(x),0 < x < L] = Elz(x), x € 1] x Blz{x), x € Q] = E1E;  (A3)

where in E* all contributions to the potential arising from sets of particles with some
particles in each subsystem are zero. Equation (A2) can be written as

InE-InZ In&E;  In{ePmn)
[£2,] €] |€22

- (Ad)

where |£2;| is the length of subsystem . In the following I shall be concerned with the
asymptotic analysis of E obtained by requiring y(x) to vary with L in a specified way as
the limit L — oo is taken. A simple way to formulate this is to specify a function § which
varies over the space of points (L, y(x)) and which is required to be fixed for the limiting
process. In order to include the case ¥(x) = y(x/L), the macroscopic external field, I
define

() = K[z, L, y(x)]. (A5)

Suppose that X and ¥ are such that there exists a function £23(L) such that L/$2;, 23 — 00
as L — oo and y(x) approaches a finite constant value on 23 = [L —[£2s], L]. Under these
conditions the density is going to become constant on 2 as L increases and {e~#/m.2:)
can be assumed to be independent of the sizes of the subsystems provided they are large
compared with the range of the pair interaction v(x). Then from (A4), mdcpendently of the
way that L/, Q7 — o0,

=

I Ing—In&g i In B,
1m _— = 1 .
LS, =00 |€24] iz]—c0 |£25]

(A6)

To express (Ad) fully requires three independent variables for € namely

(1) L determining the relationship between 7 and y,
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(2) ¥ the macroscopic external field parameter determining y the external field parameter,
(3) s between O and 1 determining the fraction of L which is the length of the system,

ie. E[L,¥,s)] is defined as follows: from L and ¥ obtain y from the inverse of (AS) and
the length of the system is sL from which E is defined by (1). Thus

InE—-In& E;  WE[L, ¥y 11-InE[L,¥,1— |S22|/L]
|€22] |$221/L : T
In the limiting process defined above L/|€22] — oo hence the first quotient on the RHS
can be replaced by its limiting value (8/85)In &[L, ¥, 5]|s=1 under the limit. Finally the
limit can be represented by L — oo because the only remammg free variable y is a fixed
function:

(AT)

. hEZ—In EI . ] _ ~
S oW Rl (5 In&[L, §, 5]

1
. X Z) . (AS)

From (11) and changing to the above notation

I
T A(sL)

dlnE

™ (A9)

1
X —
=1 L

] -
=-—InE[L, y,s]
5

InB[L, 5y, 5]
L3

8P, =
¥ 5=l
where Py is the pressure at x = L in the system given by y(x) for 0 € x £ L. Combining
(A9), (A8) and (A6) shows that

InE :2
= lim

AlQ
;= oo Tl (B10)

lim ﬂPL
L=

The LHS is the limiting value of 8P at x = L which is shown to be equal to the usual
expression for the thermodynamic pressure lim;_, ., In3/L and the result, by the RHS,
depends only on the unique limit y = limy—q0 y(x)|5x € $22 50 the relationship between the
pressure P and the external field y at the same point x = L approaches a limit, independent
of K provided K satisfies the condition above., It is the same as f.he thermodynamic
relationship P(y).

By using the identity (Al) in a different way it is possible to give a short elegant
derivation of the asymptotic form of the GPF discussed rigorously in [11] and which is
intimately related to Jocal thermodynamws [16,9]. From (Al) with the same fy, arbitrary
M and writing

M
Vin = Z Vig, + 1In
=1

where Iy is the interaction energy between the M subsystems £; it follows by a similar
argument to the derivation of (A4) that

M
BLy(x); 0 € ¥ € LY = {67} supsynierns indepentent X | [ ELy(x); x € 7. (ALT)
=1

The subscript is intended to indicate that the grand canonical average is taken with the
interaction terms I; removed from the total potential energy. This can be written as

InEly(xk0x<L] 1 i InE[y(x); x € Q;]  In(e™Flm)
=— + . (AL2)
L/M L

L M £
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I now suppose that y(x) = y*(x/L) so that the whole system is in a slowly varying external
potential. As before a physically reasonable assumption will be made namely that Iy is
roughly a sum of contributions from neighbouring subsystems so that (I) and (e=#'*)
are of order M. Hence letting M, L/M — oo keeping y* fixed and assuming that the
thermodynamic limit exists for each subsystem

. InEy*(x/L);0gxg L
lim
L= L

s .
—fo dsBP (" (5))

1
or InE ~ L.[o ds BP(Y*(s)) +o(L). (Al3)

There is however a nen-local correction [16] to dnr/du involving the total correlation
function of Ornstein and Zernike. This shows the limitations of this result and will give
significant corrections in the o(L) term when y(x) varies significantly on the length scale of
the total correlation function. In particular these corrections will be significant for uniform
systems when L is not very large compared with the range of the correlations as ocours in
the neighbourhood of the critical point [17]. The same considerations must apply to (A10)
which is consistent with the expectation that numerical methods based on this formalism
for the calculation of P(y) will fail in a neighbourhood of a critical point, should one be
found.

References

[1] Davis H T 1990 J. Chem. Phys. 93 4339,
f2] Vanderick T K, Davis H T and Percus J K 989 J/, Chem. Phys. 91 7136
[3] Edgal U F 1991 J. Chem. Phys. 94 8179-202
(4] Lieb E H and Mattis D C 1966 Mathematical Physics in One Dimension (New York: Academic)
{51 Nixon I H 1988 Statistical Mechanics ed A 1 Solomon (Singapore: World Scientific) p 34
[6] Nixon J H 1991 [ Phys. A: Math. Gen. 24 2913
[7] Nixon J H 1987 J. Phys. A: Math. Gen. 20651
[8] Baxter R J 1964 Phys. Fiuids 7 38
[9] Percus J K 1982 Int. /. Quantum Chem. 16 33-48
[E0] Millard K 1972 J. Math. Phys. 13 222
[11] Marchioro C and Presutti E 1972 Comumun, Math. Phys. 27 146-54
[12] Garrod C and Simmons C 1972 J. Math. Phys. 13 1168
[13] Stell G 1964 Ciassical Fluids ed H L Frisch and J L Lebowitz New York: Benjamin}
[I4] Nixon J H 1983 PhD Thesis ch 4, submitted to the University of East Anglia
[15] Lebowitz J L and Penrose O 1966 J. Math. Phys. 7 98
[16] Percus J K 1982 The Liguid State af Matter: Fluids Simple and Complex ed E'W Montroll and J L Lebowitz
(Amsterdam: North-Holland)
[171 Zernike 1916 Proc. Akad. Sei. 18 1520-27; reprinted in 1964 Classical Finids ed HL Frisch and J L Lebowitz
(New York: Benjamin)



